Engineering Mechanics
Lectures 1&2
Review of the three laws of motion and vector algebra

In this course on Engineering Mechanics, we shall be learning about mechanical interaction between
bodies. That is we will learn how different bodies apply forces on one another and how they then
balance to keep each other in equilibrium. That will be done in the first part of the course. So in the first
part we will be dealing with STATICS. In the second part we then go to the motion of particles and see
how does the motion of particles get affected when a force is applied on them. We will first deal with
single particles and will then move on to describe the motion of rigid bodies.

The basis of all solutions to mechanics problems are the Newton's laws of motion in one form or the
other. The laws are:

First law: A body does not change its state of motion unless acted upon by a force. This law is based on
observations but in addition it also defines an inertial frame . By definition an inertial frame is that in
which a body does not change its state of motion unless acted upon by a force. For example to a very
good approximation a frame fixed in a room is an inertial frame for motion of balls/ objects in that
room. On the other hand if you are sitting in a train that is accelerating, you will see that objects outside
are changing their speed without any apparent force. Then the motion of objects outside is changing
without any force. The train is a non-inertial frame.

Second law: The second law is also part definition and part observation. It gives the force in terms of a
guantity called the mass and the acceleration of a particle. It says that a force of magnitude F applied on
a particle gives it an acceleration a proportional to the force. In other words

F=ma, (2)

where m is identified as the inertial mass of the body. So if the same force - applied either by a spring
stretched or compressed to the same length - acting on two different particles produces accelerations a;
and a,, we can say that

mja; =mza;

2]

iy = a:_ il

or £ (2)

Thus by comparing accelerations of a particle and of a standard mass (unit mass) when the same force is
applied on each one them we get the mass of that particle. Thus gives us the definition of mass. It also
gives us how to measure the force via the equation F = ma. One Newton (abbreviated as N) of force is
that providing an acceleration of 1m/s’ to a standard mass of 1 kg. If you want to feel how much in 1

Newton , hold your palm horizontally and put a hundred gram weight on it; the force that you feel is
about 1N.



Of course you cannot always measure the force applied by accelerating objects. For example if you are
pushing a wall, how much force you are applying cannot be measured by observing the acceleration of
the wall because the wall is not moving. However once we have adopted a measure of force, we can
always measure it by comparing the force applied in some other situation.

In the first part of the course i.e. Statics we consider only equilibrium situations. We will therefore not
be looking at F = ma but rather at the balance of different forces applied on a system. In the second part
- Dynamics - we will be applying F = ma extensively.

Third Law: Newton's third law states that if a body A applies a force F on body B, then B also applies an
equal and opposite force on A . (Forces do not cancel such other as they are acting on two different
objects)

Figure 1

Thus if they start from the position of rest A and B will tend to move in opposite directions. You may ask:
if A and B are experiencing equal and opposite force, why do they not cancel each other? This is because
- as stated above - the forces are acting on two different objects. We shall be using this law a lot both in
static as well as in dynamics.

After this preliminary introduction to what we will be doing in the coming lectures, we begin with a
review of vectors because the quantities like force, velocities are all vectors and we should therefore
know how to work with the vectors. | am sure you have learnt some basic manipulations with vectors in
your 12th grade so this lectures is essentially to recapitulate on what you have learnt and also introduce
you to one or two new concepts.

You have learnt in the past is that vectors are quantity which have both a magnitude and a direction in
contrast to scalar quantities that are specified by their magnitude only. Thus a quantity like force is a
vector quantity because when | tell someone that | am applying X- amount of force, by itself it is not
meaningful unless | also specify in which direction | am applying this force. Similarly when | ask you
where your friend's house is you can't just tell me that it is some 500 meters far. You will also have to
tell me that it is 500 meters to the north or 300 meters to the east and four hundred meters to the north
from here. Without formally realizing it, you are telling me a about a vector quantity. Thus quantities
like displacement, velocity, acceleration, force are vectors. On the other hand the quantities distance,
speed and energy are scalar quantities. In the following we discuss the algebra involving vector
guantities. We begin with a discussion of the equality of vectors.



Equality of Vectors: Since a vector is defined by the direction and magnitude, two vectors are equal if

they have the same magnitude and direction. Thus in figure 2 vector Ajs equal to vector #and but not

equal to vector C although all of them have the same magnitude.

A

Vectors Aand B are equal to each ather but not equal to vestor(

T

Figure 2

Thus we conclude that any two vectors which have the same magnitude and are parallel to each other
are equal. If they are not parallel then they cannot be equal no matter what their magnitude.

In physical situations even two equal vectors may produce different effects depending on where they

are located. For example take the force F applied on a disc. If applied on the rim it rotates the wheel at
a speed different from when it is applied to a point nearer to the center. Thus although it is the same
force, applied at different points it produces different effects. On the other hand, imagine a thin rope
wrapped on a wheel and being pulled out horizontally from the top. On the rope no matter where the
force is applied, the effect is the same. Similarly we may push the wheel by applying the same force at
thee end of a stick with same result (see figure 3).
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Figure 3

Thus we observe that a force applied anywhere along its line of applications produces the same effect.
This is known as transmissibility of force. On the other hand if the same force is applied at a point away
from its line of application, the effect produced is different. Thus the transmissibility does not mean that
force can be applied anywhere to produce the same effect but only at any point on its line of
application.

Adding and subtracting two vectors (Graphical Method): When we add two vectors Aand & by
graphical method to get A+B , we take vector ﬁ, put the tail of B on the head of A .Then we draw a
vector from the tail of <! to the head of & . That vector represents the resultant A+ B (Figure 4). |

leave it as an exercise for you to show that A+ 8= E5+4 |nother words, show that vector addition is
commutative.
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Adding two veciors

Figure 4

Let us try to understand that it is indeed meaningful to add two vectors like this. Imagine the following
situations. Suppose when we hit a ball, we can give it velocity E. Now imagine a ball is moving with
velocity A and you hit it an additional velocity E. From experience you know that the ball will now start
(d+E)

moving in a direction different from that of A This final direction is the direction of and the

magnitude of velocity now is going to be given by the length of [A + B).
Now if we add a vector <Ito itself, it is clear from the graphical method that its magnitude is going to be

2 times the magnitude of A and the direction is going to remain the same as that of A Thisis

equivalent to multiplying the vector A by 2. Similarly if 3 vectors are added we get the resultant 24 5o
we have now got the idea of multiplying a vector by a number n . If simply means: add the vector n
times and this results in giving a vector in the same direction with a magnitude that n times larger.

You may now ask: can | multiply by a negative number? The answer is yes. Let us see what happens, for

example, when | multiply a vector A by -1. Recall from your school mathematics that multiplying by -1
changes the number to the other side of the number line. Thus the number -2 is two steps to the left of

0 whereas the number 2 is two steps to the right. It is exactly the same with vectors. If A represents a
vector to the right, — Awould represent a vector in the direction opposite i.e. to the left. It is now easy

to understand what does the vector — <1 represent? It is a vector of the same magnitude as that of A



but in the direction opposite to it (Figure 5). Having defined — A itis now easy to see what is the vector

I B N T
? It is a vector of magnitude in the direction opposite to A,

4 -4
A vectar and its negative

Figure 5

Having defined — A it is now straightforward to subtract one vector from the other. To subtract a
A-E=A+[( B)

vector & from 4, we simply add — Bto Athatis . Thus to subtract vector & from

ngaphically, we add Jjflland -8 . This is shown in figure 6.
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Figure 6

Again | leave it as an exercise for you to show that (‘q B B)is not equal to (‘B B A)but (‘B B A)= -

A

( B B). We now solve a couple of examples.

Examplel: A person walks 300m to the east and 400m to the north to reach his friend's house. What is
the total displacement of the person, and what is the total distance traveled by him?

Recall that distance is a scalar quantity. Thus the total distance covered is 700m. Displacement, on the
other hand, is a vector quantity so to find the net displacement, we add the two vectors to get a

4
-:E?:tan_l(—

displacement of 500m at an angle ] from east to north (Figure 7).



500m

A400m north

¥

300m east
Adding displacements af 300m east and 400 norih

Figure 7

Example 2 : Two persons are pushing a box so that the net force on the box is 12N to the east If one of
the person is applying a force 5N to the north, what is the force applied by the other person.

Let the force by person applying 5N be denoted by # and that by the other person by Fﬂ . We then
have

F:m =4 +F2
so that
Fﬂ = Fm - Fl

Solution for © 2 is given graphically in figure 8. The force comes out to be 13N at an angle of

5
&= tan_l(—

] from east to south.
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Figure 8

Although graphical way is nice to visualize vectors in two dimensions, it becomes difficult to work with it
in three dimensions, and also when many vectors and many operations with them are involved. So
vector algebra is best done by representing them in terms of their components along the x, y & z axes in
space. We now discuss how to this is done.

To represent vectors in terms of their x,y and z components, let us first introduce the concept of unit
vector. A unit vector # in a particular direction is a vector of magnitude '1' in that direction. So a vector

in that particular direction can be written as a number times the unit vector # . Let us denote the unit

o~
o~

vector in x-direction as * , in y-direction as 4 and in z-direction as % . Now any vector can be described

A

that order does not matter because vector sum is commutative). Then a vector

A 4. L . .
as a sum of three vectors ~*, ~*and 4 in the directions x, y and z, respectively, in any order (recall

ury —_

A=A, +4,+ 4

Further, using the concept of unit vectors, we can write -’qx = ﬂxj , Where A, is a number. Similarly
A=A A=Ak _
b4 »d and A’ ka . So the vector above can be written as

A=Ai+A4 7+ 4k

where A,, A, and A, are known as the x, y, & z components of the vector. For example a vector

A= +37+4k

would look as shown in figure 9.
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Figure 9

It is clear from figure 9 that the magnitude of the vector A=4g +ﬂ3‘”'r + Ak is | | A ’ i

A=dg + A, 5+ 4k B=8i+8, i+ 58k

. Now when we add two vector, say , all we have to do

is to add their x-components, y-components and the z-components and then combine them to get
A+B=(a,+B¥+(4, +5 [i+(4 +B)k

Similarly multiplying a vector by a number is same as increasing all its components by the same amount.
Thus

o e ¥+, i+ (s, Y

How about the multiplying by -1? It just changes the sign of all the components. Putting it all together
we see that

A-B=(4,-8¥+{4, -5 +(4-BK

Having done the addition and subtraction of two vectors, we now want to look at the product of two
vectors. Let us see what all possible products do we get when we multiply components of two vectors.
By multiplying all components with one another, we have in all nine numbers shown below:

10



AB, AB, AB
AB AB, AB,
AB, AB, AB,

The question is how do we define the product of two vectors from the nine different numbers obtained
above? We will delay the answer for some time and come back to this question after we establish the
transformation properties of scalars and vectors. By transformation properties we mean how does a
scalar quantity or the components of a vector quantity change when we look at them from a different
(rotated) frame?

Let us first look at a scalar quantity. As an example, we take the distance traveled by a person. If we say
that the distance covered by a person in going from one place to another is 1000m in one frame, it
remains the same irrespective of whether we look at it from the frame (xy ) or in a frame (x'y' ) rotates
about the z-axis (see figure 10).
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Figure 10

Let us now say that a person moves 800 meter along the x-axis and 600 meters along the y-axis so that
his net displacement is a vector of 1000m in magnitude at an angle of from the x-axis as shown in figure
10. The total distance traveled by the person is 1400m. Now let us look at the same situation frame
different frame which has its x' & y' axis rotated about the z- axis. Note that the total distance traveled
by the person (a scalar quantity) remains the same, 1400m, in both the frames. Further, whereas the
magnitude of the displacement & its direction in space remains unchanged, its components along the x'
and y' axis, shown by dashed lines in figure 10, are now different. Thus we conclude the scalar quantity
remains unchanged when seen from a rotational frame. The component of a given vector are however
different in the rotated frame, as demonstrated by the example above. Let us now see how the
components in the original frame and the rotated frame are related.

11



Figure 11

In figure 11, OA is a vector with A,= 0B, A, = AB, A, = OA' and A, = AA'. Using the dashed lines drawn in
the figure, we obtain
ﬂx, =0A'= 08"+ 54"

=3B cos f+ B'C+ 0D

=B cos + B0+ 04

=08 cos 4+ B0 sin 8+ Asm &
=.z":1x cos &+ (B0 +CA)sm &

=4 cosd+Ad zn
X Y

Similarly

Hy' =A4d"=AD-A4'D

=AD-B'EF

= fAdcos&— D8 sin 8

=—4 sin F+4 cosd
X hy

So we learn that if the same vector is observed from a frame obtained by a rotation about the z-axis by
an angle 6, its x and y components in the new frame are

A'=4 cosf+A, sn 8

A,'=—4 sin 8+ 4, cosd

A =4,

12



One can similarly define how components mix when rotation is about the y or the x- axis. Under the y
axis rotation

A'= A cosf+ A 58
A'=-4 sm 8+ A, cos 8

And under a rotation about the x-axis

A=A, cos8+4,5m &
A'=-4,n 8+ 4 cos &

Let us summarize the results obtained above:

1. Scalar quantity is specified by a number and that number remains the same in two different
frames rotated with respect to each other.

2. Avector quantity is specified by its components along the x, y, and the z axes and when seen
from another frame rotated with respect to a given frame, these components change according
to the rules derived above.

We are now ready to get back to defining the product of two vectors. Recall that we had a collection of
nine quantities:

AB, AB, 4B
A,B, A B, A8,
A, B, A.B, AB,

We are now going to mix these quantities in such a manner that one combination will give a scalar
guantity whereas the other one will give us a vector quantity. This then defines the scalar and vector
product of two vectors.

A8 +4 8 +AR
Scalar or dot product: Now it is easy to show that [: RUE L T x)is a scalar quantity. To

show this we calculate this quantity in a rotated frame (rotation could be about the x, y or the z axis)

r f r r r r
that is obtain (A"B" +AJ’ B"’ +ﬂ33“‘)and show that it is equal to (ﬂ"g" +ﬂ9’ BJ’ + HXB"). As an

example we show it for a frame rotated about the z-axis with respect to the other one. In this case

A'=cos A +sm -ﬂ{lJJ ﬂy':—sin a4 +cosﬂrﬂ},
B '=cos B +sm HEJJ By':—sin E';,{+|:-::-s.5‘.8JJ
'Axlz "quxI: Bz

Therefore we get

13



A B +AB, + A8, =(cos 84, +sin 84,) (cos 8B, +sin 8B, )
+(~sin 84, +cos 84, J—sin 8B, +cos 8B, J+ 4, B,

= (cos? 8 +5in? Y4, B, )+ (cos® 8 +sin* 64 B )+ 4, B,

= 4B, +A,B +4 B,

One can similarly show it for rotations about other axes, which is left as an exercise. This then leads us

to define the scalar product of two vectors A and B as
A-5=45, +ﬁy3}, + 4.5,

As shown above this value remain unchanged when view from two different frame-one rotated with
respect to the other. Thus it is a scalar quantity and this product is known as the scalar or dot product

Aand F . . L .
of two vectors . It is straightforward to see from the definition above that the dot product is
commutative that is A4-5=54 .
Scalar product of two vectors can also be written in another form involving the magnitudes of these
vectors and the angle between them as

A B= |ﬁ||§|cos-5‘

ﬁ| and |B
| | | are the magnitudes of the two vectors, and 0 is the angle between them. Notice
|4 and |B| > 0,4 B

that although can be negative or positive depending on the angle between them.

Further, if two non-zero vectors are perpendicular, A-5=0_ From the formula above, it is also
apparent that if we take vector Z to be a unit vector, the dot product A b represents the

component of Aijn the direction of £ . Thus the scalar product between two vectors is the product of
the magnitude of one vector with the magnitude of the component of the other vector in its direction.
Try to see it pictorially yourself. We also write the dot products of the unit vectors along the x, y, and

the z axes. These are © * =*"r'"":kk:landz'J‘:"'r'jczk'3 =D.

Vector or cross product: In defining the scalar product above, we have used three out of the nine
possible products of the components of two vectors. From the six of these that are left i.e.
A,{By . Bx_rﬂ},,_»ﬂ,{Bz, B A AL | and Byﬂz

LA , if we define the vector

AxEB=(A,B, — ABY +(4,B, - AB);+(4,B,— 4Bk

14



This is known as the vector or cross product of the two vectors. By calling this expression a vector, we
implicitly mean that its component transform like those of a vector. Let us again take the example of
looking at the components of this quantity from two frames rotated with respect to each other about
the z-axis. In that case the x component of the vector product in the rotated frame is

{HX E)xr = ﬂy,BZ, —Ey,_r":l '

z
=[—f§l sth &4+ A cosﬂjB -4 (B sn 84+5 cozéh
x ¥ z z x ¥
=(Ad B -8 AcosF+(A 8 -8 A yaind
vz ¥z z x z2x
= (ﬁxﬁ)xcosaﬂﬁxé‘}y siny &
and the y component is
(dx5), =48 ,-3 4,
=4 (B cos 84+ 8 siné?j—ﬂ (A cosf4+4 an )
z\ X ¥ z T x ¥
=—sn A B -8 A V+cesB(AE —B A4
¥y =z ¥y =z z X z X
= (A B), sin 0+ (A B),, cos8
Thus we see that the components of the vector product defined above do indeed transform like those

of a vector. We leave it as an exercise to show that when the other frame is obtained by rotating
about the x and the y axes also, the transformation of the components is like that of a vector. This is

known as the vector or the cross product of vectors Aand & . It can also be written in the form of a
determinant as

: 7 k
AxB=| A A, A4
B, B, B

Notice that this is the only contribution that transforms in this manner. For example
(AJ,BZ + HZB}, n+AE, + A8 +1«:(_r'21x3}, +_r'El},Bx}

does not transform like a vector; | leave it as an exercise for you to show. So this cannot form a vector.

15



Now if we take the dot product of Aor & with A% 5 the result is zero as is easy to see. This implies
that the vector product of two vectors is perpendicular to both of them. As such an alternate

expression for the vector product of Aand 3 is

AxF= |;{||§|sin F
i . . — . Aand F.
where “ is a unit vector in the direction perpendicular to the plane formed by in such a way

that if the fingers of the right hand turn from A to Ethrough the smaller of the angle between them,

the thumb gives the direction of in direction of % . It is also clear from this expression that the vector
product of two non-zero vectors will vanish if the vectors are parallel i.e. the angle between them is
zero.

Pl

#

B
i T
A
pi

n<]1

LDiraction af AxE Jar two different orientations af A and B

Figure 12

The vector product between two vectors is not commutative in that 1% & # &% 4 pyt rather
AxB=-EBxd

Geometric interpretation of cross product : The magnitude of the cross-product (‘q * B) , Which
is equal to |‘{l||‘8|51Il 5', is the area of a parallelogram formed by vectors A& Z Thisis shown in
figure 13.
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Derivative of a vector: After reviewing the vector algebra, we would now like to introduce you

to the idea of differentiating a vector quantity. Here we take a vector Ae) as depending on one

dA)
parameter, say time t, and evaluate the derivative @t . This is similar to what we do for a

At + A8

regular function. We evaluate the vector at time (t+ At), subtract At from it, divide

the difference Ad(E) by At and then take the limit At - 0. This is shown in figure 14. Thus

dAe) _ ., oAl b - A

dt Fi¥:

17
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Aty

Figure 14

The derivative is easily understood if we think in terms of its derivatives. If we write a vector as
Alg) =4 @ + 4, )7+ 4,60k
then the derivative of the vector is given as

A dd (. dd (6, .
dA(f) _ x()H y()j+ciﬂx(f)k
i i i i

Notice that only the components are differentiated, because the unit vectors 1. Jjand k are
fixed in space and therefore do not change with time. Later when we learn about polar
coordinates, we will encounter unit vectors which also change with time. In that case when
taking derivative of a vector, the components as well as the unit vectors both have to be

differentiated.

Using the definition above, it is easy to show that in differentiating the product of two vectors,
the usual chain rule can be applied. This gives

LI WL S
ot at dt
and

i(ﬂxﬂ) =E>{B+_ﬂ§l>~<ﬁ
i dt i

This pretty much sums up our introduction to vectors. | leave this lecture by giving you three

18



exercises.

1. Show that A

BxTy=CAx ‘):E.(ﬁx@)andthat A (Bxh

is the volume of a
AB&T

?

parallelepiped formed by

2. Show that A-(BxC) can also be written as the determinant
x *’q_}r -’qz
B}? B

Z

TS

x Cy Cy

1. Show that if the magnitude of a vector quantity Ale) is a fixed, its derivative with

respect to t will be perpendicular to it. Can you think of an everyday example of this?

Lecture 3
Equilibrium of bodies |

In the previous lecture, we discussed three laws of motion and reviewed some basic aspects of vector
algebra. We are now going to apply these to understand equilibrium of bodies. In the static part when
we say that a body is in equilibrium, what we mean is that the body is not moving at all even though
there may be forces acting on it. (In general equilibrium means that there is no acceleration i.e., the
body is moving with constant velocity but in this special case we take this constant to be zero).

Let us start by observing what all can a force do to a body? One obvious thing it does is to accelerate a
body. So if we take a point particle P and apply a force on it, it will accelerate. Thus if we want its
acceleration to be zero, the sum of all forces applied on it must vanish. This is the condition for
equilibrium of a point particle. So for a point particle the equilibrium condition is

%

Fi=1273..

where "are the forces applied on the point particle (see figure 13)
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Figure 1

That is all there is to the equilibrium of a point particle. But in engineering problems we deal not with
point particles but with extended objects. An example is a beam holding a load as shown in figure 2. The

beam is equilibrium under its own weight W, the load L and the forces that the supports S; and S, apply
onit.

51 ! " =2
L

W

A Baan af weight Won supparis S and Sy and halding a load L

Figure 2

To consider equilibrium of such extended bodies, we need to see the other effects that a force produces
on them. In these bodies, in addition to providing acceleration to the body, an applied force has two
more effects. One it tends to rotate the body and two it deforms the body. Thus a beam put on two
supports S; and S, tends to rotate clockwise about S, when a force F is applied downwards (figure 3).
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Figure 3

The strength or ability of a force H to rotate the body about a point O is given by the torque ©

generated by it. The torque is defined as the vector product of the displacement vector "2 from O to the
point where the force is applied. Thus

T=ry®F

This is also known as the moment of the force. Thus in figure 3 above, the torque about S, will be given
by the distance from the support times the force and its direction will be into the plane of the paper.
From the way that the torque is defined, the torque in a given direction tends to rotate the body on
which it is applied in the plane perpendicular to the direction of the torque. Further, the direction of
rotation is obtained by aligning the thumb of one's right hand with the direction of the torque; the
fingers then show the way that the body tends to rotate (see figure 4). Notice that the torque due to a

force will vanish if the force £ is parallel to 7
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Sence of rofation for o given direction of torgue

Figure 4

We now make a subtle point about the tendency of force to rotate a body. It is that even if the net force

applied on a body is zero, the torque generated by them may vanish i.e. the forces will not give any

acceleration to the body but would tend to rotate it. For example if we apply equal and opposite forces

at two ends of a rod, as shown in figure 5, the net force is zero but the rod still has a tendency to rotate.

So in considering equilibrium of bodies, we not only have to make sure that the net force is zero but can

also that the net torque is also zero.

The net force on the rod is zera but the forgue is not

Figure 5

A third possibility of the action by a force, which we have ignored above, and which is highly explicit in

the case of a mass on top of a spring, is that the force also deforms bodies. Thus in the case of a beam

under a force, the beam may deform in various ways: it may get compressed, it may get elongated or

22



may bend. A load on top of a spring obviously deforms it by a large amount. In the first case we assume
the deformation to be small and therefore negligible i.e., we assume that the internal forces are so
strong that they adjust so that there is no deformation by the applied external force. This is known as
treating the body as a rigid body. In this course, we are going to assume that all bodies are rigid. So the
third kind of action is not considered at all.

So now focus strictly on the equilibrium of rigid bodies: As stated, we are going to assume that internal
forces are so great that the body does not deform. The only conditions for equilibrium in them are:

=0
(1) The body should not accelerate/ should not move which, as discussed earlier, is ensured if { :

that is the sum of all forces acting on it must be zero no matter at what points on the body they are
applied. For example consider the beam in figure 2. Let the forces applied by the supports S; and S, be F;
and F,, respectively. Then for equilibrium, it is required that

=+ =+ =

+E+W+L=0

—

Assuming the direction towards the top of the page to be y-direction, this translates to
Fi+Fi-Wi-Li=0ert FR+F,-W-L=10

The condition is sufficient to make sure that the net force on the rod is zero. But as we learned earlier,
and also our everyday experience tells us that even a zero net force can give rise to a turning of the rod.
So F, and F, must be applied at such points that the net torque on the beam is also zero. This is given
below as the second rule for equilibrium.

T,,=10 -
(2) Summation of moment of forces about any point in the body is zero i.e. ; v , where “iCs
ﬁ Eﬁa =0
the torque due to the force ~ ! about point O. One may ask at this point whether should be
taken about many different points or is it sufficient to take it about any one convenient point. The
answer is that any one convenient point is sufficient because if condition (1) above is satisfied, i.e. net
force on the body is zero then the torque as is independent of point about which it is taken. We will
prove it later.

These two conditions are both necessary and sufficient condition for equilibrium. That is all we need to
do to achieve equilibrium so in principle solving for equilibrium is quite easy and what we should learn is
how to apply these condition efficiently in different engineering situations. We are therefore going to
spend time on these topics individually.

We start with a few simple examples:
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Example 1: A person is holding a 100N weight (that is roughly a 10kg mass) by a light weight (negligible
mass) rod AB. The rod is 1.5m long and weight is hanging at a distance of 1m from the end A, which is on
a table (see figure 6). How much force should the person apply to hold the weight?

i)
F 3 Fl

1 Jom

100
Figure 6

Let the normal reaction of the table on the rod be N and the force by the point be F;. Then the two
equilibrium conditions give

TE=0=(F+N-100);=0=F+N=100 (1)

T, =0=ix-1005+15% xF;=0 (2)

—100k + F, x 1.5k =0

or 158 =100 = 7=0_[200)y
15 | 3
200 100

and ANM=100-A =100-—=—1
3 3

Example 2: As the second illustration we take the example of a lever that you may have used sometime
or the other. We are trying to lift a 1000N (~100kg mass) weight by putting a light weight but strong rod
as shown in the figure using the edge of a brick as the fulcrum. The height of the brick is 6cm. The
guestion we ask is: what is the value of the force applied in the vertical direction that is needed to lift
the weight? Assume the brick corner to be rough so that it provides frictional force.

24



friction £

Gom

10001

(Note: If the brick did not provide friction, the force applied cannot be only in the vertical direction as
that would not be sufficient to cancel the horizontal component of N). Let us see what happens if the
brick offered no friction and we applied a force in the vertical direction. The fulcrum applies a force N
perpendicular to the rod so if we apply only a vertical force, the rod will tend to slip to the left because
of the component of N in that direction. Try it out on a smooth corner and see that it does happen.
However, if the friction is there then the rod will not slip. Let us apply the equilibrium conditions in such
a situation. The balance of forces gives

TE=0= F(Nsin 8- feos&i + (Ncos&— fsin §—1000— F)j =0
ar MNsin &= foosd
Ncos8+ fsin 8- F—1000=0

Let us choose the fulcrum as the point about which we balance the torque. It gives

Then

T =0=0.9% x—Fi+(—0.1f%-10007 = 0
= (- 9cos &F +100c0s 8 )k = 0
or F=11111N

The normal force and the frictional force can now be calculated with the other two equations obtained
above by the force balance equation.
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In the example above, we have calculated the torques and have also used normal force applied on a
surface. We are going to encounter these quantities again and again in solving engineering problems. So
let us study each one of them in detail.

Torque due to a force: As discussed earlier, torque about a point due to a force # is obtained as the
vector product

Ta =Fg ® F

= (yF, - F,2) +(2F, - xF,)j+(xF, - yF )k

where "2 is a vector from the point O to the point where the force is being applied. Actually "2 could be
a vector from O to any point along the line of action of the force as we will see below. The magnitude of
the torque is given as

| = |ﬁ||;;|sm g

Thus the magnitude of torque is equal to the product of the magnitude of the force and the

d =y |sn{ 180° - 8) = [, |sin &

perpendicular distance from O to the line of action of the force as

shown in figure 7 in the plane containing point O and the force vector. Since this distance is fixed, the

torque due to a force can be calculated by taking vector "2 to be any vector from O to the line of action
of the force. The unit of a torque is Newton-meter or simply Nm.
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Targue is equal fo the product of the magnifude of the force
and its perpendicilar distance d from O

Figure 7

Let us look at an example of this in 2 dimensions.

Example 3: Let there be a force of 20 N applied along the vector going from point (1,2) to point (5,3). So
the force can be written as its magnitude times the unit vector from (1,2) to (5,3). Thus

20{47 + ;)

Vg

F=

-

Torque can be calculated about O by taking 7 to be either [3 + EJ) or (51 +3J). As argued above, the

answer should be the same irrespective of which ¥ we choose. Let us see that. By taking 7 to be

. F2i)xool# + )

Th =
a m

20 o o 140k
kg =10
T

On the other hand, with r= (53 + BJ} we get

27



. _ 5+ 3f)xoolal +3)
[T ﬁ,ln'rﬁ
-2 [5&?—12&?):—

_,\fﬁ

140k

17

Which is the same as that obtained with = {3 +2)

matter where along the line of action is the force applied. This is known as the transmissibility of the

). Thus we see that the torque is the same no
force. So we again write that

T,=7x F

where 7 is any vector from the origin to the line of action of the force.

If there are many forces applied on a body then the total moment about O is the vector sum of all other
moments i.e.

Ty =L % ﬁ:’
As a special case if the forces are all applied at the same point j then
To=LignF =Fp L F

= E}G ® ﬁm

This is known as Varignon's theorem. Its usefulness arises from the fact that the torque due to a given
force can be calculated as the sum of torques due to its components.

As would be clear to you from the discussion so far torque depends on the location of point O . If for the
same applied force, the torque is taken about a different point, the torque would come out to be
different. However, as mentioned earlier, there is one special case when the torque is independent of
the force applied and that is when the net force(vector sum of all forces) on the system is zero. Let us
prove that now: Consider the torque of a force being calculated about two different points O and O’
(figure 8).
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Targue about twa different paints O and O separated by B
Figure 8

The torques about O and O' and their difference is:

=37, ><F and T,=LFALxEF

—+
—+p -+

=TT = L -7 )< &

1 2

But from the figure above

Therefore

—

Tl -1, =T RxF = RxT

1

—+

ra)

Now if the net force is zero, Z ! is zero and the difference between the torques about two different
points also vanishes. A particular example of the net force being zero is two equal magnitude forces in
directions opposite to each other and applied at a distance from one another, as in figure 5 above and
also shown in figure 9 below. This is known as a couple and the corresponding torque with respect to
any point is given as

:.':Jupie - (';2 = Fjd
where #is a unit vector perpendicular to the forces coming out of the space between them and d is the
perpendicular distance between the forces (see figure 9).
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A couple

Figure 9

Since the net force due to a couple is zero, the only action a couple has on a body is to tend to rotate it.
Further the moment of a couple is independent of the origin, and so it can be applied anywhere on the
body and it will have the same effect on the body. We can even change the magnitude of the force and
alter the distance between them keeping the magnitude of the couple the same. Then also the effect of
couple will be the same. Such vectors whose effect remains unchanged irrespective of where they are
applied are known as free vectors. Free vectors have a nice property that they can be added irrespective
of where they are applied without changing the effect they produce. Thus a couple is a free vector (Is
force a free vector?). It is represented by the symbols

| e~

Hepresenting a couple

Figure 10

with the arrows clearly giving the sense of rotation. Keep in mind though that the direction of the couple
(in the vector sense) is perpendicular to the plane in which the forces forming the couple are.

Next we focus on the moment of a force about an axis.
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Moment of force about an axis: So far we have talked about moment of a force about a point only.
However, many a times a body rotates about an axis. This is the situations you have bean studying in
you 12" grade. For example a disc rotating about an axis fixed in two fixed ball bearings. In this case
what affects the rotation is the component of the torque along the axis, where the torque is taken about
a point O (the point can be chosen arbitrarily) on the axis as given in figure 11. Thus

fﬂ.ﬂ'aumm = ﬁ ' I:FX F:I

where # is the unit vector along the axis direction and ¥ is the vector from point O on the axis to the

force & .

o)

11}

"

Lise experiencing a lorgue about an axis

Figure 11

Using vector identities (exercise at the end of Lecture 1), it can also be written as
Todouranis = I:ﬁ # ';) ¥

Thus the moment of a force about an axis is the magnitude of the component of the force in the plane
perpendicular to the axis times its perpendicular distance from the axis. Thus if a force is pointing
towards the axis, the torque generated by this force about the axis would be zero. This can be
understood as follows. When a force is applied, forces are generated at the ends of the axis being held

on a one place. These forces together with & generate the torque when components along the axis by
responsible for rotation of the body about the axis, in the same manner, the couple about the axis is
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given by the component of the couple moment in the direction for the axis. You can work it out; it is

actually equal to the component of the force in the plane perpendicular to the axis times the distance

(L) of the force line of action from the axis. One point about the moment about an axis, it is

independent of the origin since it depends only on the distance L of the force the axis.

As an example let us consider a disc of radius 30 cm with its axis along the z-axis and its centre at z=0.

Let a force & = (30 +20/-106) (107 +1077)

act on it at the point on the disc. We now find its

P

moment about its axis. The axis has 7=k . We take the origin at the centre of the disc to calculate
F=FxF

~ (10f +107)x (307 + 205 - 10£)

= 200+ 1007 - 300k — 1007

= —100f +100 7 - 100&

Therefore the torque about the z-axis is
7.k =—100Nm

Thus the torque about the axis is in the negative z direction which means that it would tend to rotate
the disc clockwise.

Let us now see if it fits with our conventional way of calculating torque of a force about an axis. For the

force F=30r 42010k the z-component of the force will not give any torque about the z-axis

because it cannot rotate the body about the z-axis. So the only component of the force that gives torque

about the z-axis is [303' + EDJ)

is m”‘fﬁ .

that acts on the point as shown in figure 12. The magnitude of this force
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(10,10 F =307 +207

Force & =307 + 207 acting at point 10 + 107 on a disc

Figure 12

The equation of line along which the force acts is

(quzéu—m)

or 3y =2x+10

To find the perpendicular distance of this line from the origin, we consider a line perpendicular to this

( 3
slope = ——
line E

3y =2x+10

] passing through the origin and consider the point where it intersects with

. The perpendicular line is
3
y= —Ex of 2y =—-3x

Solving for the intersection point we get

130713

r=
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which gives the perpendicular distance of the line of force from the centre to be

10
d=—
13
10
T=|Fld =10413% —= =100
Then torque about z-axis therefore is therefore "-"f_3 clockwise, which is the

same as obtained that earlier. | would like you to notice that even in this simple example using vector
algebra makes life quite easy.

Let us summarize this lecture by summarizing what we have learnt:

(1) For equilibrium of a body

TF=0and
TE, =0

are necessary and sufficient conditions.

'E: = E; * _P
(2) The torque about a point due to forces applied on a body, coF ; is an origin dependent
. . nE=0_
guantity but for special case of : it is origin independent.
LE=0
(3) A particular case of * is a couple moment when two forces are equal & opposite and are

e
separated by distance d . The couple moment is | |
(4) Torque about an axis is given by it component along the axis. Thus y and axis # is along direction.

Tabowtearis =% T

(5)

Lecture 4
Equilibrium of bodies Il
In the previous lecture we have defined a couple moment. With this definition, we can now represent a

force & applied on a body pivoted at a point as the sum of the same force on it at the pivot and a
couple acting on it. This is shown in figure 1. Thus if the bar shown in figure 1 is in equilibrium, the pivot

must be applying a force — & and a counter couple moment on it.
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pivot %

is equivalent to

\ﬁA
Figure 1

To see the equivalence, let us take the example above and add a zero force to the system at the pivot
point. This does not really change the force applied on the system. However, the trick is to take this zero

force to be made up of forces & and = & as shown in figure 2. Now the original force Hand —  at
the pivot are separated by distance d and therefore form a couple moment of magnitude Fd . In addition

there is a force & on the body at the pivot point. The combination is therefore a force & at the pivot

point P and a couple moment & = F‘f. Notice that | am not saying  about the pivot. This is because a
couple is a free vector and its effect is the same no matter at which point it is specified.

~F
= d —
&’%\F‘ T ﬁ\ﬁ‘ %
Figure 2
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Example: You must have seen the gear shift handle in old buses. It is of Zigzag shape. Let it be of the
shape shown in figure 3: 60cm at an angle of 45° from the x-axis, 30cm parallel to x-axis and then 30cm

again at 45° from the x-axis, all in the x-y plane shown in figure 3. To change gear a driver applies a force
f F=(3+5j-20N on the head of the handle. We want to know what is the equivalent force and

moment at the bottom i.e., at the origin of the handle.

T

T4

=y

Figure 3

For this again we can apply a zero force i.e., ( Fand — F ) at the bottom so that original force and

- give a couple moment
T=FxF
['5‘3' 505 pa0r 4 200 4 Jx(—ﬁwﬁj 2k)
R g
=[M£‘+90 J (-5 +57- 28)

A2 N

_450+15042 ¢ 18046042 5 450, oo

7z 2z R

= 9027 +(90-/2 + 6077 + 6002k

Thus equivalent force system is a force F=(-%+55-2k)N at the bottom and a couple equal to

— 902 +(904/2 + 60) F + 60012k
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Having obtained equivalent force systems, next we wish to discuss what kind of forces and moments do
different elements used in engineering mechanics apply on other elements.

Forces and couples generated by various elements: As we solve engineering problems, we come across
many different elements that are used in engineering structures. We discuss some of them below
focusing our attention on what kind of forces and torques do they give rise to.

The simplest element is a string that can apply a tension. However a string can only pull by the tension
generated in it but not push. For example, a string holding a weight W will develop a tension T= W in it
so that the net force on the weight is a tension T pulling the weight up and weight W pulling it down.
Thus if the weight is in equilibrium, T= W . This is shown in figure 4.

T
'y

L 4 :

W W

A waight being held in aquilibrium by the
tensian in the string holding it

Figure 4
The second kind of force that is applied when two elements come in contact is that applied by a surface.
A smooth surface always applies a force normal to itself. The forces on a rod and on a box applied by the

surface are shown in figure 5. Thus as far as the equilibrium is concerned, for an object on a smooth
surface, the surface is equivalent to a force normal to it.
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A smaath surface applies a force narmal to it an
the objecis kept an it

Figure 5

Imagine what would have happened had the force by the surface not been normal. Then an object put
on a surface would start moving along the surface because of the component of the force along the
surface. By the same argument if there is a smooth surface near an edge, the force on the surface due to
the edge (and by Newton's I1I™® law the force on the edge due to the surface) will be normal to the
surface. See figure 6.

i

Force applied by an edge on a smooth surface

Figure &

On the other hand if the surface is not smooth, it is then capable of applying a force along the surface
also. This force is due to friction.

Let us now solve the well known example of a roller of radius r being pulled over a step as shown in
figure 7. The height of the step is h. What is minimum force F required if the roller is pulled in the
direction shown and is about to roll over the step. What are the normal and frictional forces at that
instant?
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A ralier being pulisd over a stap and various farces on it
when it is about to roll over

Figure 7

When the roller is about to roll over the step, there will be no normal reaction from the lower surface
and therefore the roller will be under equilibrium under the influence of its weight W, the applied force
F and the normal reaction N and the frictional force f applied by the edge of the step. To calculate the
force F, we apply the torque equation about the edge to get

Fir—h)y=Workh-k*

To find N and f we apply the force equation

S E=0

That can be written in the component form a

Y F =0ad Y F, =0

Let us look at these equations.
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> 7, = Dagwes
—Neoos8 4+ fan 8+ 5 =0

and
> F, =0 gves
Main 84+ Froos 8- =0

ek — bt
(r— &)

¥

with cosd =

and s &=

Solving these equations gives

W
(r—4)

F=0and V=

So in this situation, we do not require friction to keep the roller in equilibrium. On the other hand recall
the problem in the previous lecture when we were trying to lift a 1000Nt weights by putting a rod on a
brick edge. In that case we did require friction.

Next we consider a hinge about when an object can rotate freely. A hinge can apply a force in any
direction. Thus it can apply (figure 8a) any force in X-direction and any amount of force in Y-direction but
no couple.

A kinge joint and the forces applied by it

Figure 8a
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To see an example, imagine lifting a train berth by pulling it horizontally. We wish to know at what angle
0 from the horizontal will the berth come to equilibrium if we pull it out by a horizontal force F and what
are the forces apply by the hinges (figure 8b).

A train berth of weight W baing pulled by a horizontal force F

Figure 8hb

Let the weight of the berth be W and its width /. Let the forces applied by the hinges be Fy in the
horizontal direction and Fy in the vertical direction. By equilibrium conditions

S E=0

of Fp=-F

where the negative sign for F, implies that it is in the direction opposite to that assumed.
Similarly

ZF}, =0=F-WF=0oua F =¥

To find the angle we apply the moment or torque balance equation about the hinges. Weight W gives a

Wicosé‘

counter clockwise torque of 2 and the force F gives a clockwise torque of F/ sin?
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ZT:DiW%cosﬂ—ﬂsm g=10

orf  tanf=—

aF

I should point put that if the hinge is not freely moving (for example due to friction) then it can produce
a moment (couple) that will oppose any tendency to rotate and will have to be taken into account while

considering the torque balance equation.

Next we look at a built in or fixed support as shown in the figure.

AN

Weld! Glue

Fixed suppart

Figure 9

Let us analyze what happens in these cases when a load is applied. Let us look at the built-in support.

]m

W

Feaction farces generated on a fixed support when
@ load Wis applied af one end

Figure 10
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As the load is put on, the beam will tend to move down on the right side pushing the inner side up. This
will generate reaction forces as shown schematically in figure 10. The generated forces can be replaced
by a couple and a net force either about point A or B as follows (see figure 11). Add zero force N; -N; at
point A then the original N; and -N; give a couple and no force and there is a net force ( N; -N,) at A.

F 3 ] Nl
N

Figure 11

We could instead have added a zero force N, - N, at B and then would have obtained an equivalent
system with a different couple moment than the previous case and a net force (N; - N,) at B. | leave this
for you to see. You may be wondering by now at which exactly does the force really act and what is the
value of the couple. Actually in the present case the two unequal forces act on the beam so the torque
provided by them is not independent of the point about which it is take. In such cases, as we will learn in
the later lectures, the force effectively acts at the centroid of the force and the couple moment is equal
to the torque evaluated about the centroid. In any case we can say that a built-in support provides a
couple and a force. We give the schematic picture above only to motivate how the forces and the couple
are generated. In reality the forces are going to be distributed over the entire portion of the support
that is inside the wall and it is this distribution of force that provides a net force at the centroid and a
couple equal to the torque calculated about the centroid, as we will see in later lectures. Note that
deeper the support is fixed into a wall, larger would be the couple provided by it. Hence whereas to
hang a light photo-frame or a painting on a wall a small nail would suffice, a longer nail would be better
if the frame is heavy. In addition to providing a force perpendicular to the support and a couple, a fixed
support also provides a force in the direction parallel to itself. Thus if you try to pull out the support or
try to push it in, it does not move easily. The forces and couple provided by a fixed support are therefore
as shown in figure 12.
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Forces and couple provided by a fixed support

Figure 12

Let us now look at the support welded/ glued to the well. In that case suppose we put a load W at the
end of the beam, you will see that the forces generated will be as shown below in figure 13.

_

I—h

W

h i

Feaction forces generated af a ghued support

Figure 13

where in this particular case the horizontal forces must be equal so as to satisfy

I

Thus the horizontal forces provide a couple and the beam can be said to provide a couple a force in the
direction perpendicular to the support. Further a glued support also cannot be pulled out or pushed in.
Therefore it too is capable of providing a horizontal nonzero reaction force. Thus a welded or glued
support can also be represented as shown in figure 12. Note that wider the support, larger moment it is
capable of providing. Let us now solve an example of this.

Example: You must have seen gates being supported on two supports (see figure 14). Suppose the
weight of the gate is W and its width b. The supports are protruding out of the wall by a and the
distance between them is h. If the weight of the gate is supported fully by the lower support, find the
horizontal forces, vertical forces and the moment load on both the supports.
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A gate supparted an we fixed supparts

Figure 14

To solve this problem, let us first find out what are the forces required to keep the gate in balance. The
forces applied by the supports on the gate are shown in figure 14. Since the weight of the gate is fully

supported on the lower support all the vertical force is going to be provided by the lower support only.
Thus

ZFy:DiF},—W:D which means 5, =W
Similarly
I E =0+ Fy, =00r Fyy=—Fy

Fyor By

To find, 2, let us take moment about point A or B

T, =0
Let us make Z & . This gives (following the convention that counterclockwise torque is positive
and clockwise torque is negative)

W ioo

2
W
of By = (ﬁ}

and &, = —[

E

|

2

b
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The negative sign for Fy, means that the force's direction is opposite to what it was taken to be in figure
14. We also wish to find the forces and couple on the support. By Newton 's II"® Law, forces on the
support are opposite to those on the gate. Thus the forces on the two supports are:

UL
2h & support
% 4
25 ' B support
v
T

Horces an the two supporis

Figure 15

You see that support A is being pulled out whereas support B is being pushed in (we observe an effect of
this at our houses all the time: the upper hinges holding a door tend to come out of the doorjamb). Now

%)

the force by the wall on support A will be - to the right to keep it fixed in its place. On the other
hand the situation for the lower support is more involved. The lower support will be kept in its place by
W

2k
the wall providing it horizontal and vertical forces and a torque. The net horizontal force is - to the
left and the net vertical force is W pointing up. The lower support also balances a torque. Taking the
torques about the point where it enters the wall, its value comes out to be

T=Wa

If we assume that the net vertical force and the torque is provided by only two reaction forces at two
points as in figure 10, these two reaction forces can be calculated easily if we know the length of the
portion inside the wall. I leave it as an exercise. In solving this, you will notice that the reaction forces
are smaller if the support is deeper inside the wall. As pointed out earlier, in reality the force is going to
be distributed over the entire portion of the support inside the wall. So a more realistic calculation is a
little more involved.

To summarize this lecture, we have looked at some simple engineering elements and have outlined
what kind of forces and torques are they capable of applying. In the next lecture we are going discuss
forces in three dimensions. We are also going to look at conditions that forces with certain geometric
relations should satisfy for providing equilibrium.
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Lecture 5
Equilibrium of bodies Il

In the previous lecture | have been talking about equilibrium in a plane. We now move on to three
dimensional (3-d) cases. In three dimensional cases the equilibrium conditions lead to balance along all
three axes. Then

S F =0 ¥, =0
YE=0=3{3F,=0 ad i=0=i07,=0

> E, =0 3T, =0

We now have to take care of components of forces and torque in all three dimensions. The engineering
elements that we considered earlier are now considered as 3-d case. Thus consider a ball-socket joint in
which a ball is supported in a socket (figure 1).

M=

® .

A ball-societ joint (left) is capable of appiing forces in all thres
directions {right).

Figure 1

A ball-socket joint provides reaction forces Nx, Ny and Nz in all three directions (figure 1) but it cannot
apply any torque. This is a little like a hinge joint in 2d . Let me solve an example using such a joint.

Example 1: To balance a heavy weight of 5000 N, two persons dig a hole in the ground and put a pole of
length /'in it so that the hole acts as a socket. The pole makes an angle of 30° from the ground. The
weight is tied at the mid point of the pole and the pole is pulled by two horizontal ropes tied at its ends
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as shown in figure 2. Find the tension in the two ropes and the reaction forces of the ground on the
pole.

A pale balancing @ weight on it {left). Forces acting an it are
shown o the right.

Figure 2
To solve this problem, let me first choose a co-ordinate system. | choose it so that the pole is over the y-
axis in the (y-z) plane (see figure 2).

The ropes are in (xy) direction with tension T in each one of them so that tension in each is written as

il s i } wmd |- il 5 _ il }
NERNG d2ooW2
You may be wondering why | have taken the tension to be the same in the two ropes. Actually it arises

from the torque balance equation; if the tensions were not equal, their component in the x-direction
will give a nonzero torque.

Let the normal reaction of the ground be (Nx, Ny, Nz). Then the force balance equation gives

T T
F=0N,+—=-—==0=N,=0

Z NN

Za:a:;»zary—E:m:»Ny:Tﬁ

7

> F,=0=N,-5000=0= N, = 50005

Taking torque about point O and equating it to zero, we get
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(105 30° 7 +7sin 30° i - Tﬁ;)+(—c0530 J+ésm 30° k] < 5000£)= 0

Tin f_—z 25000 . 22520 = Taf2 = 250043

m|fm

which gives

T=3062N N, =4330N

Next, if | consider a fixed connection, say in a wall, it is capable of providing force along all the three axes
and also of providing torques about the three axes, Thus in 3-d it will be represented as shown in figure
3.

Z
e=
4 Iz
M=
H o

A fixed joint {left) is capable af producing reaction farcas and
Feaction torgues along all three axes (right).

Figure 3

This is a generalization of the fixed or welded/glued support in 2-d . How are these torques etc.
generated? Recall what | did for a fixed support in 2-d and carry out a similar analysis in 3-d.

Hopefully by the analysis carried out so far, you would be able to recognize what all reactions a given
element of a mechanical system can provide. For example look at the support shown in figure 4 where
the shaft can not move through the hole in the fixed block, but it is free to rotate. Can you tell the
reaction forces and torques that this support provides?
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Figure 4

Having discussed the elements that apply different kinds of forces, let us look at some situations there
due to the geometry of forces applied, some of the equilibrium equations are automatically satisfied. If
we recognize this, it saves us from doing extra calculations involving that particular condition.

If all forces are concurrent at a point (see figure 5), i.e., they all cross each other at one point O then
torques of all the forces is identically zero about O . Thus the only equilibrium condition is

ZFX =10
Z F=0= ZF}, =10
ZFK =0
Recall that if the sum of all forces on a system is zero, torque is independent of the origin. Thus although

in the beginning | used the fact that torque about the point of concurrence is zero, it is true about any
point once the force equation for equilibrium is satisfied.
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Farces concurrent at a point

Figure 5

Next consider the case when all forces intersect one particular line, call it the z-axis without any loss of
generality (see figure 6).

Z "
F'y Fl
Ay
A,
7,
Forcas intersscting one fing
Figure &
Fi=12:)

Using transmissibility of the force, in this case we can take the force

Zk

to be acting at point

Then the torque due to all these forces will be
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T= Z‘I 7,k x (Fz.xf +Fu-} + FE"E)
- > (z.55-2.5))

Thus the Z component of the torque is automatically zero. In general when the forces intersect a line,
the torque component along that line vanishes. Under these circumstances, if we take that line to be the
z-axis, the equilibrium conditions are

YR =0
YE=0=YF =0 ad YT=0=

> F, =0

Next | discuss what happens if all the applied forces are parallel, say to the Z axis. Then the forces do not

>, =0
>.T,=0

have any x or y components. Further, by the z-component of the torque also vanishes (left as an exercise
for you to show). The equilibrium conditions in this case reduce to

>, =0
>, =0

S E=0=3F=0 ad JT=0=

In general of course we have all the six condition.

Y F =0 Y1, =0
YFE=0={YF =0 ad P.i=0=07,=0

3 F =0 ST, =0

Let me now summarize what all you have learnt so far in considering the equilibrium of engineering
structures. In the process | also introduce you to a term called the Free Body Diagram. | have actually
been using it without calling it so. Now, let us formalize it.

In talking about the equilibrium of a body we consider all the external forces applied on it and the
interaction of the body with other objects around it. This interaction produces more forces and torques
on the body. Thus when we single out a body in equilibrium, objects like hinges, ball-socket joint, fixed
supports around it are replaced elements by the corresponding forces & torques that they generate.
This is what is called a free-body diagram. Making a free-body diagram allows us to focus our attention
only on the information relevant to the equilibrium of the body, leaving out unnecessary details. Thus
making a free-body diagram is pretty much like Arjuna - when asked to take an aim on the eye of a bird -
seeing only the eye and nothing else. The diagrams made on the right side of figures 1, 2 and 3 are all
free-body diagrams.
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In the coming lecture we will be applying the techniques learnt so far to a very special structure called
the truss. To prepare you for that, in the following | consider the special case of a system in equilibrium
under only two forces. For completeness | will also take up equilibrium under three forces.

When only two forces are applied, no matter what the shape or the size of the object in equilibrium is,
the forces must act along the same line, in directions opposite to each other, and their magnitudes must
be the same. That the forces act in directions opposite to each other and have equal magnitude follows

B+ = D, which implies that £ = _Fl. Further, if the forces are

T=0

from the equilibrium conditions

not along the same line then they will form a couple that will tend to rotate the body. Thus
implies that the forces act along the same ling, i.e. they be collinear (see figure 7).

Twa bodies being applied twa equal and apposite forces. The bady
on the left is not in equilibrivm whereas that on the right is.

Figure 7

Similarly if there are three forces acting on a body that is in equilibrium then the three forces must be in
the same plane and concurrent. If there are not concurrent then they must be parallel (of course
remaining in the same plane). This can be understood as follows. Any two members of the three applied
forces form a plane. If the third force is not in the same plane, it will have a non-vanishing component
perpendicular to the plane; and that component does not get cancelled. Thus unless all three forces are

in the same plane, they cannot add up to zero. So to satisfy the equation Z‘ F=0 , the forces must be
in the same plane, i.e. they must be coplanar. For equilibrium the torque about any point must also be
zero. Since the forces are in the same plane, any two of them will intersect at a certain point O. These
two forces will also have zero moment about O. If the third force does not pass through O, it will give a
non-vanishing torque (see figure 8). So to satisfy the torque equation, the forces have to be concurrent.
Zero torque condition can also be satisfied if the three forces are parallel forces (see figure 8); that is the
other possibility for equilibrium under three forces.
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028

Faour badies being app lied three coplanar forces. Two badies on
the left are not in equilibrium whereas the two on the right are.

Figure 8

In the end, | now discuss one more concept about equilibrium of bodies, that of statical determinacy .
Along the way | also introduce some connected concepts like constraints, degree of redundancy and
redundant support. On constraints, | will discuss more in the lecture on Method of virtual work.

To introduce the terms used above, | consider a rod of length / and weight W held at a pin-joint on a
floor at a distance of a from a wall, on which its other end is. This is shown in figure 9 along with the
free-body diagram of the rod.

LI ) Ex

W

A rod aof length | and weight Wheld at a pin-joint flafi)
fts free body diagram is drawn on the right.

Figure 9
There are three unknowns - Rx, Ry and N - in the problem and three equations of equilibrium that will
determine the unknowns. Specifically:

R,~-W=0=R =W
R,-N=0=R, =N
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Taking moment about the pin, we get

.
Nﬂﬂz—a?:W% = N=——n

21 — g

This gives
W
R =N=———— and £, =W
201 — g g

In this case, the constraints or the external supports we apply are just sufficient to keep the system in
equilibrium. Such systems are known as statically determinate systems. Now suppose we apply one
more support. Let us support the rod at both ends by pin joints. The free-body diagram will then look
like that shown in figure 10.

Ny l Ev

Ex

W

Free bady diagram af the rod when it is supported by pin
Joints ab bogh its ends.

Figure 10

Now the pin on top end is also applying a force on the rod. Thus the equations of equilibrium read as
—-E +MN =0 RJJ—N},:W

- Nt -t +Nya+%= 0

The situation on hand is that we have four unknowns - Rx, Ry, Nx and Ny - and only three equations.

R -N =W
Thus one of the unknown cannot be determined. In particular only ~* ¥ is known and what

Roand A
are individual ~* * cannot be determined unless some additional information is also given. Such
systems are known as statically indeterminate systems. In such systems we are applying more
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constraints than are needed to keep the system in equilibrium. Even if we remove one of the constraints
- in this case replace the upper pin by a plane surface - the system is capable of remaining in equilibrium.
Such supports that can be removed without disturbing the equilibrium are known as redundant
supports. And the number of redundant supports is the degree of statical indeterminacy .

After introducing you to the concepts discussed above, we will be studying trusses in the next lecture.

Lecture 6
Trusses

Having set up the basics for studying equilibrium of bodies, we are now ready to discuss the trusses that
are used in making stable load-bearing structures. The examples of these are the sides of the bridges or
tall TV towers or towers that carry electricity wires. Schematic diagram of a structure on the side of a
bridge is drawn in figure 1.

Side of a bridge

Figure 1

The structure shown in figure 1 is essentially a two-dimensional structure. This is known as a plane truss.
On the other hand, a microwave or mobile phone tower is a three-dimensional structure. Thus there are
two categories of trusses - Plane trusses like on the sides of a bridge and space trusses like the TV
towers. In this course, we will be concentrating on plane trusses in which the basis elements are stuck
together in a plane.

To motivate the structure of a plane truss, let me take a slender rod (12) between points 1 and 2 and
attach it to a fixed pin joint at 1 (see figure 2).

2
2 2
(12) (12) (23) (12) (43)
1 W
' (13 3 | (13 7

3

Developing a plane truss flaft ta right)

Figure 2
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Now | put a pin (pin2) at point 2 at the upper end and hang a weight W on it. The question is if we want
to hold the weight at that point, what other minimum supports should we provide? For rods we are to
make only pin joints (We assume everything is in this plane and the structures does not topple side
ways). Since rod (12) tends to turn clockwise, we stop the rightward movement of point 2 by connecting
arod (23) on it and then stop point 3 from moving to the right by connecting it to point 1 by another rod
(13). All the joints in this structure are pin joints. However, despite all this the entire structure still has a
tendency to turn to turn clockwise because there is a torque on it due to W. To counter this, we attach a
wheel on point 3 and put it on the ground. This is the bare minimum that we require to hold the weight
is place. The triangle made by rods forms the basis of a plane truss.

Note: One may ask at this point as to why as we need the horizontal rod (13). It is because point 3 will
otherwise keep moving to the right making the whole structure unstable. Rod (13) has two forces acting
on it: one vertical force due to the wheel and the other at end 2. However these two forces cannot be
collinear so without the rod (13) the system will not be in equilibrium. Generally, in a truss each joint
must be connected to at least three rods or two rods and one external support.

Let us now analyze forces in the structure that just formed. For simplicity | take the lengths of all rods to
be equal. To get the forces | look at all the forces on each pin and find conditions under which the pins
are in equilibrium. The first thing we note that each rod in equilibrium under the influence of two forces
applied by the pins at their ends. As | discussed in the previous lecture, in this situation the forces have
to be collinear and therefore along the rods only. Thus each rod is under a tensile or compressive force.
Thus rods (12), (23) and (13) experience forces as shown in figure 3.

(43 (13

"

Horces on the three rods of iriangle formed in figure 2

¥
F 3

Figure 3

Notice that we have taken all the forces to be compressive. If the actual forces are tensile, the answer
will come out to be negative. Let us now look at pin 2. The only forces acting on pin 2 are Fy, due to rod
(12) and F,; due to rod (23). Further, it is pulled down by the weight W. Thus forces acting on pin 2 look
like shown in figure 4.
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Horces an pin 2 and pin 3

Figure 4

Applying equilibrium condition to pin (2) gives
Fl,cos60° = Fcosb0® or F,=Fg,

W
2Fsin 60° =W = Fy=-——

NE

Let us now look at pin 3 (see figure 4). It is in equilibrium under forces F,3, normal reaction N and a

= FH

horizontal force Fys.

Applying equilibrium condition [Z F= I:I)gives

Fcosél” + 5, =0
W

- 2'\.'Irg

Since the direction of F,3 is coming out to be negative, the direction should be opposite to that assumed.

Balance of forces in the vertical direction gives

N = F; sin 60° oo T

N

Thus we see that the weight is held with these three rods. The structure is determinate and it holds the

0 or N:E
2

weight in place.

Even if we replace the pin joints by a small plate (known as gusset plate) with two or three pins in these,
the analysis remains pretty much the same because the pins are so close together that they hardly
create any moment about the joints. Even if the rods are welded together at the joints, to a great degree
of accuracy most of the force is carried longitudinally on the rods, although some very small (negligible)
moment is created by the joints and may be by possible bending of the rods.
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Now we are ready to build a truss and analyze it. We are going to build it by adding more and more of
triangles together. As you can see, when we add these triangles, the member of joints j and the number
of members (rods) m are related as follows:

m=2j-3

This makes a truss statically determinate. This is easily understood as follows. First consider the entire
truss as one system. If it is to be statically determinate, there should be only three unknown forces on it
because for forces in a plane there are three equilibrium conditions. Fixing one of its ends a pin joint and
putting the other one on a roller does that (roller also gives the additional advantage that it can help in
adjusting any change in the length of a member due to deformations). If we wish to determine these
external forces and the force in each member of the truss, the total number of unknowns becomes m +
3. We solve for these unknowns by writing equilibrium conditions for each pin; there will be 2j such
equations. For the system to be determinate we should have m + 3 = 2j, which is the condition given
above. If we add any more members, these are redundant. On the other hand, less number of members
will make the truss unstable and it will collapse when loaded. This will happen because the truss will not
be able to provide the required number of forces for all equilibrium conditions to be satisfied. Statically
determinate trusses are known as simple trusses.

Exercise 1: Shown in figure 5 are three commonly used trusses on the sides of bridges. Show that all
three of them are simple trusses.

AA/INNN

ple———— ————\—

/

Pratt truss Howe truss

Warren truss

Three commonly used trusses an the sides af bridges

Figure 5

You may ask why we put trusses on bridges. As our later analysis will show they distribute the load over
all elements and thereby making the bridge stronger.
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We now wish to obtain the forces generated in various arms of a truss when it is loaded externally. This
is done under the following assumptions:

1. If the middle line of the members of a truss meet at a point that point is taken as a pin joint. This
is a very god assumption because as we have seen earlier while introducing a truss (triangle with
pin joint), the load is transferred on to other member of the trusses so that forces remain
essentially collinear with the member.

2. All external loads are applied on pin connections.
3. All members' weight is equally divided on connecting pins.

There are two methods of determining forces in the members of a truss - Method of joints and method
of sections. We start with the method of joints:

Method of joints: In method of joints, we look at the equilibrium of the pin at the joints. Since the forces
are concurrent at the pin, there is no moment equation and only two equations for equilibrium viz.

YA =0amd ¥ F, =0

most two unknown forces are there. The weight of each member is divided into two halves and that is

. Therefore we start our analysis at a point where one known load and at

supported by each pin. To an extent, we have already alluded to this method while introducing trusses.
Let us illustrate it by two examples.

Example 1: As the first example, | take truss ABCDEF as shown in figure 6 and load it at point E by

5000N. The length of small members of the truss is 4m and that of the diagonal members is 4”#'5 m. |
will now find the forces in each member of this truss assuming them to be weightless.

5000
Truss af example I {left) and its fres

bady diagram (right)

Figure 6

We take each point to be a pin joint and start balancing forces on each of the pins. Since pin E has an
external load of 5000N one may want to start from there. However, E point has more than 2 unknown
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forces so we cannot start at E. We therefore first treat the truss as a whole and find reactions of ground
at points A and D because then at points A and D their will remain only two unknown forces. The
horizontal reaction Nx at point A is zero because there is no external horizontal force on the system. To
find N, | take moment about A to get

W, IDUUUN

3
which through equation Z £ =0 gives
v, = 50300 I

In method of joints, let us now start at pin A and balance the various forces. We already anticipate the
direction and show their approximately at A (figure 7). All the angles that the diagonals make are 45°.

g *+—— Fpr Fpp ——™
. . /'T\‘FBE I\
A 48 Fer Fep
A B C Fee
Fip
Feg Fe
Fen I Frr
Foe Fre Fre
Froe Far F
10000 5000 E
K D ¥

Farces at various joinis af the truss in figure 6

Figure 7

The only equations we now have worry about are the force balance equations.

F

2LF, =0 gives T?:%?D or  Fy=2355N
F

now » F.o=0 gives Fyp= A2 MI‘J

N
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Keep in mind that the force on the member AB and AF going to be opposite to the forces on the pin (
Newton 's Il law). Therefore force on member AB is compressive (pushes pin A away) whereas that on
AF is tensile (pulls A towards itself).

Next | consider joint F where force AF is known and two forces BF and FE are unknown. For pint F

5000

T.F, =0 gives Fp=Fp=

Y.F, =0 gives Fpp=0{NoForceonBF)

(tensile)

Next | go to point B since now there are only two unknown forces there. At point B

Y.F, =0 gives Fcosdd +Fpeosdd” =10
of Fuy = —F=—-2355N

Negative sign shows that whereas we have shown Fg to be compressive, it is actually tensile.

F =0 = F.—F,snd5 —F_sind5 =0
3 B AR EF
Fus | Fas _ 10,000

RN R

Next | consider point C and balance the forces there. | have already anticipated the direction of the

#y

N (compressive)

forces and shown F¢;: to be tensile whereas F¢p to be compressive

Fop

-

S F =0 gives Fu= = F. = F,.2 =4710N

K Honnf2
Foo _ Fperl2 _p 10,000,
NCRNG

[x)

niy =0 gves Fg= 3

10,000

Next | go to pin D where the normal reaction is 3 Nand balance forces there.

Py 10,000
TR =0 gives —Z2=_" "N
H ,\'E 3
Fop 10,000

F.=0 gives Fp=—Z=—"—
Z ) '\E 3

Thus forces in various members of the truss have been determined. They are
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_5000./2 5000

Faz 3 Nlcompressive), F gy = = N{Tensile ), Fop = 0
Fog = g N{Tensile ), Fp = @ N{Compressive), Fop = E N{Tensile)
g = g A {Temﬂe ] Fop = M A [campress‘ive}, Fog = E N {Temsﬂe}

You may be wondering how we got all the forces without using equations at all joints. Recall that is how
we had obtained the statical determinacy condition. We did not have to use all joints because already
we had treated the system as a whole and had gotten two equations from there. So one joint - in this
case E - does not have to be analyzed. However, given that the truss is statically determinate, all these
forces must balance at point E, where the load has been applied, also. | will leave this as an exercise for
you. Next | ask how the situation would change if each member of the truss had weight. Suppose each
members weighs 500N, then assuming that the load is divided equally between two pins holding the
member the loading of the truss would appear as given in figure 8 (loading due to the weight as shown
in red). Except at points A and D the loading due to the weight is 750N; at the A and D points it is 500N.

Nﬂ ND

5000

Figure 8

Now the external reaction at each end will be.

5000 11,000

Ny +2000= =N

My = IU,;]DD 42000 = 16,;]00 W

The extra 2000N can be calculated either from the moment equation or straightaway by realizing that
the new added weight is perfectly symmetric about the centre of the truss and therefore will be equally
divided between the two supports. For balancing forces at other pins, we follow the same procedure as
above, keeping in mind though that each pin now has an external loading due to the weight of each
member. I'll solve for forces in some member of the truss. Looking at pin A, we get
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Fa 11,000

=0 = —=——-500
23
Sa00./2
of  Fyp= Tf_ (comprassive)
F 2500
Foo="2 """ Nitensile).

Next we move to point F and see that the forces are

TR =0 = Fgp=Ffg= @N{zemm

nH =0 = Fg =T50N(tensile)
One can similarly solve for other pins in the truss and | leave that as an exercise for you.

Having demonstrated to you the method of joints, we now move on to see the method of sections that
directly gives the force on a desired member of the truss.

Method of sections : As the name suggests in method of sections we make sections through a truss and
then calculate the force in the members of the truss though which the cut is made. For example, if | take
the problem we just solved in the method of joints and make a section S;, S, (see figure 9), we will be
able to determine the forces in members BC, BE and FE by considering the equilibrium of the portion to

the left or the right of the section.

31

A euk made through a fruss to apply the method of sections

Figure 9

Let me now illustrate this. As in the method of joints, we start by first determining the reactions at the
external support of the truss by considering it as a whole rigid body. In the present particular case, this
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10000 5000

gives 3 NatDand 2 NatA. Now let us consider the section of the truss on the left (see figure
10).

Left section af the truss taken to apply method af sections

Figure 10

LE=0LEFA=0amd pr=0 . Notice that we are now

Since this entire section is in equilibrium,
using all three equations for equilibrium since the forces in individual members are not concurrent. The
direction of force in each member, one can pretty much guess by inspection. Thus the force in the
section of members BE must be pointing down because there is no other member that can give a

5000

downward force to counterbalance 3 N reaction at A. This clearly tells us that F BE is tensile.
S000

Similarly, to counter the torque about B generated by 3 Nforce at A, the force on FE should also be

5000

from F to E. Thus this force is also tensile. If we next consider the balance of torque about A, 3N
and Fg do not give any torque about A. So to counter torque generated by Fg, the force on BC must act
towards B, thereby making the force compressive.

Let us now calculate individual forces. Fg is easiest to calculate. For this we take the moment about B.
This gives

5000

4x 3 =4xFFE

5000
FFE= 3 N
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T Fp=0

Next we calculate Fg; . For this, we use the equation . It gives

F 5000 50002

“E_TN o Fy = —J_ N

R 3

Finally to calculate Fgc , we can use either the equation nt=0 about A or LF=0
. FBE

LA =0 gwes ——=A+Fmp=F.

NE
5000 , 5000 _ 10,000
3 .

Thus we have determined forces in these three members directly without calculating forces going from
one joint to another joint and have saved a lot of time and effort in the process. The forces on the right
section will be opposite to those on the left sections at points through which the section is cut. This can
be used to check our answer, and | leave it as an exercise for you.

After this illustration let me put down the steps that are taken to solve for forces in members of a truss
by method of sections:

1. Make a cut to divide the truss into section, passing the cut through members where the force is
needed.

2. Make the cut through three member of a truss because with three equilibrium equations viz.
L& =0LF=0ad 17=0 we can solve for a maximum of three forces.
3. Apply equilibrium conditions and solve for the desired forces.

In applying method of sections, ingenuity lies in making a proper. The method after a way of directly
calculating desired force circumventing the hard work involved in applying the method of joints where
one must solve for each joint.

We thus conclude one lecture or trusses. Next step in making the treatment accurate is obviously to
take care of deformation in the members of a truss. This will be done in an advanced course later.

Lecture 7
Friction

Whatever we have studied so far, we have always taken the force applied by one surface on an
object to be normal to the surface. In doing so, we have been making an approximation i.e., we
have been neglecting a very important force viz., the frictional force. In this lecture we look at the
frictional force in various situations.
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In this lecture when we talk about friction, we would mean frictional force between two dry
surfaces. This is known as Coulomb friction. Frictional forces also exist when there is a thin film of
liquid between two surfaces or within a liquid itself. This is known as the viscous force. We will not
be talking about such forces and will focus our attention on Coulomb friction i.e., frictional forces
between two dry surfaces only. Frictional force always opposes the motion or tendency of an
object to move against another object or against a surface. We distinguish between two kinds of
frictional forces - static and kinetic - because it is observed that kinetic frictional force is slightly less
than maximum static frictional force.

Let us now perform the following experiment. Put a block on a rough surface and pull it by a force
F (see figure 1). Since the force F has a tendency to move the block, the frictional force acts in the
opposite direction and opposes the applied force F. All the forces acting on the block are shown in
figure 1. Note that | have shown the weight and the normal reaction acting at two different points
on the block. | leave it for you to think why should the weight and the normal reaction not act
along the same vertical line?

-+

Friction

WM

The applied force F, the weight W, the normal reaction of
the surface N and the frictional force acting on a block
being pulled on a rough surface

Figure 1

It is observed that the block does not move until the applied force F reaches a maximum value F,,,,.
Thus from F = 0 up to F = F,,,, the frictional force adjusts itself so that it is just sufficient to stop the
motion. It was observed by Coulombs that F max is proportional to the normal reaction of the
surface on the object. You can observe all this while trying to push a table across the room; heavier
the table, larger the push required to move it. Thus we can write

FON
of R =N

where L, is known as the coefficient of static friction. It should be emphasize again that is the
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maximum possible value of frictional force, applicable when the object is about to stop, otherwise
frictional force could be less than, just sufficient to prevent motion. We also note that frictional
force is independent of the area of contact and depends only on N .

As the applied force F goes beyond F, the body starts moving now experience slightly less force
compound to. This force is seem to be when is known as the coefficient of kinetic friction. At low
velocities it is a constant but decrease slightly at high velocities. A schematic plot of frictional force
F as a function of the applied force is as shown in figure 2.

.LI:’SN U

Frictional
force

Finax Applied force

Figure 2

Values of frictional coefficients for different materials vary from almost zero (ice on ice) to as large
as 0.9 (rubber tire on cemented road) always remaining less than 1.

A quick way of estimating the value of static friction is to look at the motion an object on an
inclined plane. Its free-body diagram is given in figure 3.
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/m

mg

A block of mass wm an an inclined plane (left) and itz free-body
diagram (right) when it is about o slide down the ramp

Figure 3

Since the block has a tendency to slide down, the frictional force points up the inclined plane. As

long as the block is in equilibrium

g sin 8 = maximum friction

mgros8=N

As 0 is increased, mgsin® increases and when it goes past the maximum possible value of friction
fmax the block starts sliding down. Thus at the angle at which it slides down we have

mgsin 8= f . = &N }
= M, =tan &
= [ mgoosd
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Lecture 8
Properties of plane surfaces I: First moment and centroid of area

Having deal with trusses and frictional forces, we now change gears and go on to discuss some
properties of surfaces mathematically. Of course we keep connecting these concepts to physical
situations.

The first thing that we discuss is the properties of surfaces. This is motivated by the fact is general the
forces do not act at a single point but are distributes over a body. For example the gravitational force
pulling an object down acts over the entire object. Similarly a plate immersed in water, for example has
the pressure acting on it over the entire surface. Thus we would like to know at which point does the
force effectively act? For example in the case of an object in a gravitational field, it is the centre of
gravity where the force acts effectively. In this lecture we develop important mathematical concepts to
deal with such forces. Let us start with the first moment of an area and the centroid .

First moment of an area and the centroid: We first consider an area in a plane; let us call it the X-Y
plane (see figure 1).
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Ar area in the XY plane

Figure 1

The first moment My of the area about the x-axis is defined as follows. Take small area element of area
AA and multiply it by its y-coordinate, i.e. its perpendicular distance from the X-axis, and then sum over
the entire area; the sum obviously goes over to an integral in the continuous limit. Thus

My =3 yhd, = [ydd
i
Similarly the first moment My of the area about the y-axis is defined by multiplying the elemental area

AA by its x-coordinate, i.e. its perpendicular distance from the Y-axis, and summing or integrating it over
the entire area. Thus

My =3 xhd = [ xdA

This is shown in figure 2.
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An element of area AA; and its x- and y-coordinates

Figure 2

Centroid: Centroid of a bounded area is a point whose x-coordinates Xc and y-coordinate Y are defined

as
xdAd
v, A%y
A A
ydd  af
ycz-l-_z_-’f
A A

where A is its total area. We now solve some examples of calculating these quantities for some simple
areas.

Example 1: We start with the simple example of the first moment and centroid of a triangle with the
base along the x-axis. Let its base BC be of length b, and let the height of the triangle be h. (see figure 3)
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O B C

An strip of area Ad = (Ax v af height v in iriangle ABC

Figure 3

To calculate the M,, we take a strip of width dy at height y (see figure 3). Then

dA = (Ax)dy
Ax {}'2 —y]
But by similarity of triangles & A .So
&
dA = % (2 — wdy

Thus

] ] 2

& bk A
My =|ydd=|y—h-ydv="— = F=""92==
z_!.l’ _l!:.}’k(.}’].}’ﬁ c= T3
Let us now calculate the x-co-ordinates for the centroid. For this let the x-coordinate of A be a so that
the coordinate of point A is (a, h).
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Stripe af area AA = (Avidy ai distance x in triangle ABC

Figure 4

Now

MJ,:dea

For dA let us now take a vertical strip (figure 4). Notice that (dA = &ydx) . We will also perform the x-
integration in two parts: one from x = 0 to x = a, and the other from x = a to x = b because in the two
regions, dependent of y on x is different so

M, = _T xioedx +i xiowdx
0

a
For the region x =0 to x = a, we can write

oA A

and for the region x = a to x = b, we have

by b A

= _|"1'|_= E:'—
B-1 (b-a) - v (E:n—cxj( %)
Thus

£k f kb
M},=ngxdx+{x(b_aj(b—xjdx=E{E:-+cx}

i
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This gives

M
Xc:—y:(b+a]
A

3

PO sl SR
Thus for a triangle 3 3,

Example2: As the second example, let us calculate the centroid of a semicircular disc of radius R . It
would be quite easy to solve this problem if the centre D of the circle is kept at the origin but | want to
do the problem with the disc positioned as drawn below to show you how to tackle the problem.

o i D C

A semicireular dise of radius B A vertical strip of width dx af
position x is used to determine the x-coordinate af the centroid

Figure 5

The equation of OBC (the circular boundary of the disc) is

(x— B4)+ 3% = B
:"11?2
. . . 2
where R is the radius of the circle. The total area of the plate is . To calculate X, we take a

vertical strip of width dx at x and calculate

M, =] xd4
_ Ty
With'iﬂ_ydx_""lg (x—K) dx,weget
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M, = j xR = (x - R dx

]

To evaluate this integral, we let £~ R =Rsm & 55 that the limits of 9 integration are from

=0t Zx=2R)
2 2 . Then

=f2
M, = j(mﬂsm & Reos8Rcos8d8

—x2
afl afd .?T.RE
M, = R [cos’ 8 d8+ R’ [sin Beos* 88 ="
afd afd z
which gives
_ )2
“ Rz

[ydA

To calculate Y- we need to calculate My = , Where dA represents as strip from x; to x, (see figure 6)

T
=
i 4 |
/ ;o
1 h 1 :}{:
e H1 o

A semicireular dise of radius B A harizanial strip of width dv from
position X fo x3 15 used fo detfermine the y-coordinate af the centroid

Figure &

From the equation of the circle we get

x=R-.JR*-y* and x,=R+.JR*-y*

This gives
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dA = (x; —x)dv = 2"-,l'f‘:‘-2 _3’2'531}’

and therefore

Eya.fRz —yzdy

Substituting y = R sin &, we get

My =

[T S——

M, =2 fR sth B Rcos B Reoos 848
0
af2
= 2R® jcosf‘ g sin 848
1]

o
3
This gives
DR 4R
.
NN

Thus the centroid of the semicircle shown is at [ ] . Notice that the y coordinate of the centroid is

R

less than ( 2] which is easily understood because more of the area is concentrated towards the x-axis.

We would no like to emphasize that the centroid (X; Y. ) gives a point fixed in a given planar surface and
no matter in which co-ordinate system we calculate this point, it will always come out to be the same
point in the surface. Thus it is a property of a surface.

Now let us make one observation: If a body is made up of different shapes of surfaces whose centroid
are known. Than the centroid of the composite body

 IXa4 {Mmﬂi]

Xeo=
Arpras 4

where X are the centroid of different surfaces and A, their area. | will leave the simple proof for you,
but solve a couple of examples to show you how to use this observation.
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Examplel: Let us take a square of side a and on its two sides let there be two equilateral triangle stuck
on it (see figure 7). We wish to calculate the centroid for this surface.

Q0 B

A plane composite surface made by joining square 408D af
side & and two equilateral triangles CDE and EAD

Figure 7

We will consider this body as composed of the square AOBD, the triangle CDE on its right CDE and
triangle EAD on its top. Then for the square we have

For the triangle on the right of the square

a* 3

Am=a+ ,

,I”mg,and Ay =

pNE]
And for the triangle on top of the square
L f3
e c a3
Hm=—,Fm=a+ . and A =
3 o C3 Eulrg "% 4

Thus for the entire plane we get
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11+ 9+/3)a’

P R e R Y S N (114943
¢ A+ A+ A 2+\BkT 120+43)
2
= .59%4q
Similarly
11+ 9.3
o UFHBa B _ 504,
1202+ +/3)

So because of the triangles, the centroid shift a bit to the right and a bit up with respect to the centroid
of the square; this happens because of the added area of the triangles.

Example 2: As the second example, let us take an area (ABCDE) that has been obtained by removing a
semicircular area from a square. We wish to find its centroid.

f —m D
E
F=al?
o
A E

Flanar surface ABCDE abtained by remaving a semicircle from a square

Figure 8

We know the position of the centroid of the square and the semicircular area. Thus

Alzeuare) » X y(zquare )= A(ABCDE Y x XA, (ABCDE ) + A (semicircle ) x X L (sesmicirice )

Therefore
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A(Sguare) X L (sguare) — Al Sesmicircle )X, (Semicirciz)
AlABRCOHE)

X (ABCDE) =

From the previous calculation, we know that the centroid for semicircle is

4R_ 4 xa— 2
3w 3w 2 W3

from the base. So In the present case we have

K o (Semicircle)=a — 2_.:;:
3T

The centroid of the figure ABCDE is then
2
2 a A 2
2 B [ 3;??]
]
T
a’ —
B
which is a little more than 0.25a . If we had removed a rectangular area equal to half the square, the X C

for the area left would have been at 0.25a ; because of the extra area to the right of this point when the

semicircle is removed, the centroid shifts slightly to the right.

X o(ABCDE) =

=.314a

After introducing you to the mathematical concepts of the first moment and centroid of a surface area,
we now apply these ideas to problems in mechanics.
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Application to mechanics: As the first simple application of the methods developed let us consider
beams which are externally loaded. We consider only those situations where beams are supported
externally so that the external reactions can be calculated on the basis of statics alone. As in the case of
trusses, such beams are called statically determinate beams. Now one such beam is loaded externally
between X; and X, as shown in figure 9.

£(x)

3 e

& beam loaded externally between X and X

Figure 9

In the figure the function f(x) is the load intensity which is equal to load per unit length. Thus force over
a length dx is given by dF = f(x) dx . The total load R therefore is

H= _[f{x).:ix = Area under the curve

¥

Next question we ask is where is the total load located? This is determined by finding the Moment
(torque) created by the load, which is given by
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[ xf(xiax = R
of X = %Ixf{x}dx

Thus the location of the load is given by the centroid of the area formed by the load curve and the
beam, taking beam as the x-axis. Let us now take some examples.

Uniform loading: This is shown in figure 10 along with the total load R acting at the centroid of the
loading intensity curve. The uniform load intensity is w .

fi=) 032
AN 1N
% 1 %
Kl j*{:2

A beam lnaded uniformiv between X7 and Xo. Also shown by thick
arrow is the fotal load acting af the centroid af the loading curve

Figure 10

The total load in this case is R= W(Xﬂ"rl) and the load acts at the centroid

- + 3
X,:.:X1+(X22 1:'=':}(:12 2)

Triangular loading : This is shown in figure 11 along with the total load R acting at the centroid of the
loading intensity curve. The height of the triangle is w .
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f(x)

¥

L

Crzzz

X
:}{:1 :}{:2

2

A Baaw with iriangular loading between X and X5 Also shown by

thick arraw is the total load acting at the ceniroid af the loading
cLrve

Figure 11

R= wix-x, )
In this case the total load is 2 and the load acts at the centroid of the triangle. Recall that
a+b
XC‘ =
for a triangle 3

from the lower left vertex (figure 4) and in the present case
a= (L -d)and 5= (&, X)) qperefore the centroid is at

Xc — X]_ + 20{:2 _:}{:lj
3
1
= §[X1+2X2]

| will leave the case of trapezoidal loading (shown in figure 12) for you to work out. You may wish to

consider this loading as made up of two different ones: the lower one a rectangular and the upper one a
triangular loading.

83



\

f(x)

X2
A beam with trapezoidal loading between X; and X3.
Figure 12

Let us now solve an example using here concepts.

Example 3 : In figure 13 a beam on supports A and B is shown with two triangular loadings. All the
parameters of the loading are shown in the figure. We wish to know the reaction at supports A and B.

> Y i —*

A Bean an supports A and B with two triangular loadinges.
The height af the triangle is w.

Figure 13

If we represent the total loads of the triangles on the left and that on the right by L, and L, , respectively

then
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1,2
2 3 3

L, = w£=w—£
&

From A. Similarly L, acts at the centroid of the second triangle so its distance from A is

2 178 i 2 2 2Ty
Xom=—t—| o4 |2+ ==
3O&E\5 3 38 g

Let the reaction at supports A and B be N, and Nj, respectively. Then

wioowl wl
NA+NB=?+E=?

Further, taking moment about A gives

INg=Xly +&Xly
e w8 wl

= —H—+—x—
5 3 % &

Therefore

As the next example of the application of the concepts developed, we wish to calculate forces on plane
rectangular surfaces submerged in water.

Plane surface Submerged in water: Two questions we wish to answer are (i) What is the average
pressure on the plate? and (ii) where does the total force due to the pressure act? Consider a
rectangular plate of length / and width w submerged in water at an angle 6 from the vertical as shown in
figure 14. The upper end of the plate is at the depth of h; and the lower one at the depth of h, .
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A rectangular plane surface submerged in water (left) and
the variation of pressure on it aloyng its length (right)

Figure 14

We first calculate the average pressure on the plate. At a depth y the pressure acting on the plate is pgy
, Where p is the density of water and g the gravitational acceleration. If we now take a thin strip of width
Wy

dy at depth y parallel to the plate's width, its area dA = C2& £ and the force on it would be dF =
S dy

cos& | The total force on the plate would therefore be

le g dy

cos &
This gives the average pressure to be
I,Gg:mcfy

cos &

P average = Area af plate

To understand the significance of the expression above better, let us introduce another length variable Y
along the plate (see figure 15).
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Figure 15
y=-2
Then we have cos & 5o that we can write the average pressure as
I@ﬁdf
=03 &
P uverage Area af plate
[rwar  [ras
However, Areacf piate  Area is the Y-distance of the centroid of the plate. Let us call it Y. Thus

pavnge = -'GEFC cosd = Y controid

Or the average pressure on the plate is pg( the depth of the centroid of the plate ). We point out that
although we derived this result here for a rectangular plate, the result for the average pressure that

= por.cosf= ;
Paverage = FPEL ¢ y"""’"”""z’is true for a planar surface of any shape. This is because
[raa [raa

cosd
Fed and 2@ s the Y-distance of the centroid of an area of any shape.

pavera.ge =42

Question that we ask now is: at what point does the total force act? To see this let us calculate the
moment of the distributed forces due to the pressure. This is given by

[VdF

where

dF = ooy dd
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wedl
dA =wdy =
For a rectangular plate, cos & , Which is independent of Y. So the loading intensity (force

per unit length) for a rectangular plate is going to have the same dependence on the depth as the
pressure. Thus the loading on a rectangular plate is trapezoidal as shown in figure 14. The Y-coordinate
of the point at which the force acts is

fxar
[dF

This by definition is the centroid of the area formed by the loading intensity curve. You have already
calculated the centroid of a trapezoidal loading curve. Using that result we find that the total force acts
at a depth of

%(ﬂgf iy + )

(’331 ‘Hﬂg}
Using this result we now solve one example.

1 1

— M H =
Example 4: A two meter high water tank has an opening of the size ( ] at the bottom. The
opening is covered by a door hinged on top, shown by A, and is stopped by a fixed wedge, shown by B,
at the bottom (see figure 16). Calculate the force on A and B (a) when tank has water filled up to 1m,
and (b) has 25cm of water in it. Weight of the door is 19.6N.

B
Water tank with an opening at the bottom, The door an the opening is
alsa shown along with the loading an it dus to water pressure when

water ic filled up fo o height of Im

Figure 16
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(a) Asderived earlier, the average pressure on the door will be given by the depth of its centroid. The
centroid of the square is at a depth of (0.5 + 0.25 = 0.75m) from the surface of the water. Thus the
average pressure is

=10° % 9.8%0.75
= 7350 Nfm*

Iy average

Thus the total force is
F=7350x .25m 2 =1837.5 N

Notice that having derived our general result for the average pressure earlier, we do not have to
perform any integration again to calculate the total force; it is simply the average pressure times the
total area. The force is acting at a depth of

2 (" 0y By + 53
3 (i +1y)

In the present case h; =0.5m , h, = 1.0m . This gives that the total force is acting at a depth of

3[25 +.5 +1]= E[E] 075

3 1.5 3015 or 0.28m below A. Thus the free body diagram of the door looks

as follows

89



I

g

1561

Free hady diagram af the doar in exampls 3

Figure 17

From the force balance equations we have

Ny +Ng =1837.5

and

N; =19.6N

The torque balance equation, on the other hand, gives
.5NB=.28x1837.5

This leads to Nz = 1029 N . Putting this in the force balance equation above gives N, = 805.5 N. Thus all
the forces have been calculated.

(b) In the second case, the pressure works only on a part of the door and the loading due to the pressure
is triangular. Having given this lead to the solution, I'll leave the rest of the problem for you to work out.
The answers are Ny =25.425 N, N3 =127.7 Nand N; =19.6 N.

To summarize, in this lecture we have looked at some properties a plane and used it in statics problems.
In the next lecture we will expand on this and develop concepts of moment of area and products of area

etcetera.
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Lecture 9
Properties of surfaces Il: Second moment of area

Just as we have discussing first moment of an area and its relation with problems in mechanics, we will
now describe second moment and product of area of a plane. In this lecture we look at these quantities
as some mathematical entities that have been defined and solve some problems involving them. The
usefulness of related quantities, called the moments of inertia and products of inertia will become clear
when we deal with rotation of rigid bodies.

T

An area in the XT plane

Figure 1

Let us then consider a plane area in xy plane (figure 1). The second moments of the area A is defined as
2
Ly = Z.}’i&fﬂi = _[y d
1 A
I, =Y xid =|x"d4
w Z i
i A
That is given a plane surface, we take a small area in it, multiply by its perpendicular distance from the x-

axis and sum it over the entire area. That gives Ixx . Similarly Iy, is obtained by multiplying the small area
by square of the distance perpendicular to the y-axis and adding up all contributions (see figure 2).
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An slement af area Ad; and its x- and y-coordinates

Figure 2

The product of area is defined as
o= inyiﬂﬂi :Ixydﬂ
i

where x and y are the coordinates of the small area dA . Obviously Iy is the same as Iy .

Let us now solve a few examples.

Examplel: Let us start with a simple example of a square of side a with its center of the origin
(see figure 2).
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Figure 3
L= [yad
A

To calculate this, we choose the elemental area as shown in figure 4 and integrate. Then
dA = ady

so that

2l |:I4
2
I = IJ” ady:[EJ

—a'd
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(a2, i2)

T y

(-af2,-ai2)

Elemental area for calculating Doy

Figure 4

Similarly for calculating I,y we choose a vertical elemental area and calculate

CJI'I.EE 4
Iﬂ,— _[x adx = E
a'd

Let us also calculate the product of inertia. Choose on elemental area dxdy and calculate (see

figure 5)
2 ol

fg= _[ xax _[ycfy: ]
—ad —a'2

As noted earlier, Iy is equal to Iy, and therefore it also vanishes.
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(a2, al2)

(-a/2,-ai2)

Hiemental area dxdy af point (x,3) for caleulating v

Figure 5

A related problem is that of a rectangular area of size a x b. Its length of side a is parallel to the
x-axis and the other side of length b is parallel to the y-axis. | leave this as an exercise for you to
ahb’ ba?
fﬂ:[ﬁ} f}.}r=(ﬁJEﬁ1dfv=U
show that in this case , . Notice that due to the area

being symmetrically distributed about the x- and y-axes, the product of the area comes out to
be zero.

Example 2 : Next let us consider a quarter of an ellipse as shown in figure 6 and calculate the
moment and product of area for this area.

L 3

Hilemental area for calcuiating Dy for a quarter of an ellipse

Figure 6
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I
Equation of the ellipse whose quarter is shown in figure 6 is: &
I,=|y*aa

X

=1
. For calculating

=

choose an area element parallel to the x-axis to calculate dA=xdy and perform the
integral

{g= Ifcﬂl = Tyzxcfy
1]

Using the equation for ellipse, we get

which gives
3
a
L= Elfﬂbz -y dy
0

This integral can easily be performed by substituting y = b sin ¢ and gives

E:'E
IH _ ]
16

Similarly by taking a vertical strip to perform the integral, we calculate

Iy = Ixzdgﬂzixzydx
0

and get

*p
f}-}r _ g
16

Next we calculate the product of area Iy . To calculate Iy, we take a small element (

ﬂaxﬁy) as

shown in figure 7, multiply it by x and y and integrate to get

Il = Ixydxciy
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a

Elemental arsa for calculating Dyv for a guarter af an ollipse

Figure 7

E"\.I'd!2 - :-':2

For a given x, the value of y changes from O to & so the integral is
L] it
-3 a
Iy = Im"x Iy.:fy
0 0

This integral is easily performed to get

big?
J——

Thus for a quarter of an ellipse, the moments and products of area are

Tah Tk Bia?
= sy = aﬂd IX}" =
16 16

If we put @ = b, these formulas give the moments and products of area for a quarter of a circle

Dogr Iy and Iy

of radius a . | will leave it for you to work out what will be for the full ellipse

about its centre.

Using the second moment of an area, we define the concept of the radii of gyration. This is the
point which will give the same moment of inertia as the area under consideration if the entire
area was concentrated there. Thus

Ay =lg =[y'd4, and Ak =1y =[x*dA

define the radii of gyration ky and ky about the x- and the y-axes, respectively. In the example of
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ab®
H = —_—
a rectangular area of size a x b with side a parallel to the x-axis, we had ,

1= [543 J b s
W T A v = y =——=
12 . So for this rectangle, the radii of gyration are 2"-'@ and 2"4@ .

Having defined the moments and products of area, we now describe a relationship between the
second moment of an area about a set of axes passing through the centroid of that area and
another set of (x-y) axes which are parallel to those passing through the centroid. This is known
a transfer theorem.

Transfer theorem: Let the centroid of an area be at point ( x, yo ) with respect to the set of axes (xy). Let
(x"y") be a parallel set of axes passing through the centroid. Then

Iy = [ Va4 =] (5'+yy)* dA
= -l-y'z .:fﬂ+-|.y§.:iﬂ+2yu_|.y’dﬂ
But by definition

_I-y'ci'ﬂ = Ax (¥ coordinate of centroid in x' v
=Ax0=0

which gives
Ip=dpp +yid

This is how the moment of area of a plane about an axis is related to the moment of the same area
about another axis parallel to the previous one but passing through the centroid. Similarly it is easily
shown that

Iy = Iy +x7 4

and

Iyr = Ly + x4

We now solve an example to show the application of this theorem.

Example 3 : Calculate the second moments and products of area of an ellipse with its centre at (x,,y, )

In a previous exercise, you have already calculated the second moments and products of area of an
ellipse about its centre, which is also its centroid. These are:
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Tk _ ab?

Ly (ellipse) =

! lellipse) = and [ (gilipse) =10

-

4 I O O L *

F 3
¥

Za

An ellipse with its centre at (xn,v0)

Figure 8

We use these results now in applying the transfer theorem to obtain moments and products of
area of the ellipse about a different origin (see figure 8) . Thus

! o (about O) = (Areaof eliipse ) ;{5 + i s (houi controid)

3
ath
= :r‘?'ch_E:':J':D2 4+

Similarly

3
1,y (about O) = saby? + 722

! o (abont O) = Tabx, y, +0 = mabx,y,

Transformation of moments and products of area from one system to another rotated
with respect to the first one: We just learnt that if we translate an area so that its centriod
moves to another point, how its second moments of inertia and products of inertia change when
the axes passing through the centroid and the other set of axes are parallel. We now study how
the moments and products are related when we calculate them about another set of axes that an
rotated with respect to the first one. So we consider a set of area (xy) and another on (x'y’)
rotated with respect to the first one by an angle 0 (see figure 1).
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Awn abject viewed fram bwo different sef af
axes rotated with respect to one another

Figure 9

We wish to relate *xx+ frr 814 Lyp 10 Loz Iy and 1

“Y In lecture 1, we have already learnt
that

'=xcosf+ysin
¥=—xan &4+ ycos

This gives

fx.#__lly’gciﬂ: _l-J':2 i 2 Hdﬂ+_|.yg cos? HciA—JIExysm dros 8dA

= Ippsin’ @+1,, cos” @1, ¢in® 8
sin 2 8 = l{1—1::{:52 Hand cos® §= l(1+ cos® &) we get
changing 2 2

I, +1 . _
oy = + cos 28— 1, sm 28
2

Similarly
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2
f},.},.=-|-;{'2.:iﬂ=-|-x cos? Eciﬂ+_|-y2 sin 2 5.:1}1+_|-2xysin Bros 844
= [pyros® @+, sin® @1 6in? 8

Int+l, I.-1

Iyy'= ===~ zwco525+fﬂsm25‘
and
fx.f.=]x:;:'cfﬂ

_[(xcosﬂ+ysin &) +I(—xsin 4 yrosFidA

: —-I-(XE cos &sin -:5‘+_I-y2 sin Ecos&fﬂ+_|-xy(cosz Psin 2 A

[ s 28 T gin 24
=2 5 + “Sj: +1,,cos8

T =1 .
Loy :Tsm 28+ 1, cos2d

This gives the second moment and product about a set of axis (x'y") rotated about the other set
(xy). Let us now discuss some examples.

N P
As expected for a circular area, no matter about which set of axes you calculate = *** "% "%
it will always come out to be the same because the area looks the sum from all set axes. What
is interesting, however, is that for a square also the moments and product of area are the same

with respect to any set of axes passing through its centre. It happens because with respect to its

4
s

o dn=dy=0 p o0
centre, the Ixx and lyy for a square are the same i.e. 12 and “# . This is left as
an exercise for you to show.

We now use for formulae derived above to obtain what we call the principal set of axes for a
plane area. The principal set of axes at a point are those for which the product of inertia

: . . fp =10 . :
vanishes i.e. about the principal set of axes ~ ¥ . Let us see how we determine these axes if

J fﬂ, and I

we know ¥ about a given set of axes. In the following we refer to the principal
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set of axes as (1,2) where 1 refers to the x-axis and 2 to the y-axis. We know that we want

I =1
I = “2 2 sin 2+ 1, cos2a =10

where a is the angle the principal set of axes make with the (xy) set of axes. The equation
above gives

21

Eal

f,— 1

n a

tan 2 =
The principal set of axes has one more property: The moments of area is maximum one of the
principal axis (say x-axis) and minimum about the other (y-axis). This is seen as follow: Since

lo+iy, In-1
Lpy'=——2 - T % c0s28—-1,,5in 28

Let us find 6 for which lyx is a maximum or a minimum. The condition

A
ag

gives

~ (I, )sin 28— 21 cos28 =0
o7

¥
I,=1

o L1

or tan 28 =

This is the same angle a that makes Ixy vanish. This means

28 =2 or 2o+

Thus

E:cror(cr+g)

T
&+ —
When o makes the function Ixx @ maximum, the angle [ 2] makes lyy a minimum. I'll leave
it for you to show that. Thus the principal set of axes are also those about which the 11 nd
moment of area is maximum about one axis and minimum about the other. Notice that for a
square, any set of axes passing through its centre is a principal set of axes. This follows from
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the exercise that you did above. As a related quantity, we also define polar moment of an area .
This is calculated as

I=[rfad=[x"dA+ [y dA=I,, +1,,

Since r?is independence of the (xy) system chosen, I is the same about any set of axes passing
through a point.

Having defined these concepts, at the end | will point out that in a similar manner 11" moment
of mass can also be defined. We will elaborate on that more in the later lectures on dynamics
when we deal with the rotation of rigid bodies.

Lecture 8 and 9 conclude our introduction to the properties of surfaces.

Lecture 10
Method of Virtual Work

So far when dealing with equilibrium of bodies/trusses etcetera, our strategy has been to isolate
parts of the system (subsystem) and consider equilibrium of each subsystem under various
forces: the forces that we apply on the system and those that the surfaces, and other elements of
the system apply on the subsystem. As the system size grows, the number of subsystems and
the forces on them becomes very large. The question is can we just focus on the force applied
to get it directly rather than going through each and every subsystem. The method of virtual
work provides such a scheme. In this lecture, I will give you a basic introduction to this method
and solve some examples by applying this method.

Let us take an example: You must have seen a children's toy as shown in figure 1. It is made of
many identical bars connected with each other as shown in the figure. One of the lowest bars is
connected to a fixed pin joint A whereas the other bar is on a pin joint B that can move
horizontally. It is seen that if the toy is extended vertically, it collapses under its own weight.
The question is what horizontal force F should we apply at its upper end so that the structure
does not collapse.
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A B

A folding ioy made wp af many bars in
equilibrivm under an app hed force F

Figure 1

To see how many equations do we have to solve in finding F in the structure above, let us take
a simple version of it, made up of only two bars, and ask how much force F do we need to keep
it in equilibrium (see figure 2).

Nﬂx

Pwa identical bars af length | and mass m each. Suppori A is a fixed
pin joint whereas suppart B also a pin joint, i free to move
harizontally flefi). The free-body dicgram iz showsn an the right.

Figure 2

Let each bar be of length | and mass m and let the angle between them be 6. The free-body
diagram of the whole system is shown above. Notice that there are four unknowns - Nax , Nay ,
Ngy and F - but only three equilibrium equations: the force equations
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Ny + g =2mg and Ny +F=10
and the torque equation
1 & .8 g
2mg 2 —sin —— N 2lsn ——F xfoos—=1
e T e 2 2

So to solve for the forces we will have to look at individual bars. If we look at individual bars,
we also have to take into account the forces that the pin joining them applies on the bars. This
introduces two more unknowns N; and N, into the problem (see figure 3). However, there are
three equations for each bar - or equivalently three equations above and three equations for one
of the bars - so that the total number of equations is also six. Thus we can get all the forces on
the system.

I
F I
I ¥
. 8 I
I P q
Nﬂx #
mg mz

Free body diagram af the two bars of the structure of figurs 2

Figure 3

The free-body diagrams of the two bars are shown in figure 3. To get three more equations, in
addition to the three above, we can consider equilibrium of any of the two bars. In the present
case, doing this for the bar pinned at B appears to be easy so we will consider that bar. The
force equations for this bar give

Ny =0 and Ny =N, +mg

And taking torque about B, taking N; =0, gives

Ny =—mg

This then leads to (from the force equation above)

Ny =0

Substituting these in the three equilibrium equations obtained for the entire system gives
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Ny, = 2mg . F:mgtang and Nm:—mgtang

Looking at the answers carefully reveals that all we are doing by applying the force F is to
make sure that the bar at pin-joint A is in equilibrium. This bar then keeps the bar at joint B in
equilibrium by applying on it a force equal to its weight at its centre of gravity.

The question that arises is if we have many of these bars in a folding toy shown in figure 1,
how would we calculate F ? This is where the method of virtual work, to be developed in this
lecture, would come in handy. We will solve this problem later using the method of virtual
work. So let us now describe the method. First we introduce the terminology to be employed in
this method.

1. Degrees of freedom: This is the number of parameters required to describe the system. For
example a free particle has three degrees of freedom because we require X, y , and z to describe
its position. On the other hand if it is restricted to move in a plane, its degrees of freedom an
only two. In the mechanism that we considered above, there is only one degree of freedom
because angle & between the bars is sufficient to describe the system. Degrees of freedom are
reduced by the constraints that are put on the possible motion of a system. These are discussed
below.

2. Constraints and constraint forces: Constraints and those conditions that we put on the
movement of a system so that its motion gets restricted. In other words, a constraint reduces
the degrees of freedom of a system. Constraint forces are the forces that are applied on a
system to enforce a constraint. Let us understand these concepts through some examples.

A particle in free space has three degrees of freedom. However, if we put it on a plane
horizontal surface without applying any force in the vertical direction, its motion is restricted to
that plane. Thus now it has only two degrees of freedom. So the constraint in this case is that
the particle moves on the horizontal surface only. The corresponding force of constraint is the
normal reaction provided by the surface.
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Jarce aof constraint N

&

ma

A particle on @ horizontal surface bas two degrees of freedom with
the normal reaction providing the constraint force

Figure 4

As the second example, let us take the case of a vertical pendulum oscillating in a plane (see
figure 5). Thus its degrees of freedom would be two if there were no more constraints on its
motion. However, the bob of a pendulum is constrained to move in such a way that its distance
from the pivot point remains fixed. We have thus introduced one more constraint on its motion
and therefore the degrees of freedom are reduced by one; a pendulum oscillating in a plane has
only one degree of freedom. The angle from the equilibrium position is therefore sufficient to
describe a plane pendulum's motion fully. How about the force of constraint in this case? The
constraint, that the distance of the bob from the pivot point remains fixed, is ensured by the
tension in the string. The tension in the string is therefore the force of constraint.

force of constraint T

mg

A plane pendulum flaft) has only one degree of freedom. The
Jree body diagram (right) of the bob shows the gravitational
Joree and the force of constraint acting on it

Figure 5

Let us now consider the folding toy shown in figure 1. This structure, although made of many
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moving bars, has only one degree of freedom because the bars are constrained to move in a
very specific way. Thus from a large number of degrees of freedom for these bars, all of them
except one are eliminated by the constraints. As such the number of constraints, and therefore
the number of constraint forces, is very large. The constraint forces are the reactions at the
supports A and B and the forces applied by the pins holding the bars together. It is because of
these forces that the system is restricted in its motion.

I would like you to note one thing interesting in the examples considered above: if the system
moves the constraint forces do not do any work on it. In the case of a particle moving on a
plane, the motion is perpendicular to the normal reaction so it does no work on the particle. In
the pendulum the motion of the bob is also perpendicular to the tension in the string which is
the force of constraint. Thus no work is done on the bob by the constraint force. The case of the
toy in figure 1 is quite interesting. In the structure point A does not move and the motion of
point B is perpendicular to the reaction force at B. Thus there is no work done by the reaction
forces at these points. On the other hand, the constraint forces due to pins connecting two bars
are equal and opposite on each bar. But the points on the bar where these forces act (the points
where the pin joints are) have the same displacement for each bar so that the net work done by
the constraint forces vanishes.

3. Virtual displacement: Given a system in equilibrium, its virtual displacement is imagined
as follows: Move the system slightly away from its equilibrium position arbitrarily but
consistent with the constraints. This represents a virtual displacement of the system. Note the
emphasis on the word imagined. This is because a virtual displacement is not caused by the
applied forces. Rather it is the difference between the equilibrium position of the system and an
imagined position - consistent with the constraints - of the system slightly away from the
equilibrium. For example in the case of a pendulum under equilibrium at an angle 6 under a
force P (see figure 6), virtual displacement would be increasing the angle from 6to (0 + 46)
keeping the distance of the bob from the pivot unchanged. On the other hand, moving the bob
with a component in the direction of the string is not a virtual displacement because it will not

be consistent with the constraint. Virtual displacement is denoted by 9" o distinguish it from a
real displacement #7.
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A plane pendulum (left) in equilibrium under force F. Two possible
displacements of the bob are shown on the right. The displacement shown
by arrow [ is a virtual displacement but that showan by arrow 2 is not.

Figure 6

4. Virtual work: The work done by any force F during a virtual displacement is called virtual
work. It is denoted by ¥ . Thus

AW =F . 5%

Note that our previous observation, that work done by a constraint force is usually zero,
implies that virtual work done by a constraint force is also zero. Also keep in mind that in

calculating the work F-g7 done by the force F : 5Frepresents the displacement of the point
where the force is being applied.

With these definitions we are now ready to state the principle of virtual work. It is based on the
assumption that virtual work done by a constraint force is zero. The principle of virtual work
states that " The necessary and sufficient condition for equilibrium of a mechanical system
without friction is that the virtual work done by the externally applied forces is zero . Let us
see how it arises. For a system in equilibrium, each particle in the system is in equilibrium
under the influence of externally applied forces and the forces of constraints. Then for the i
particle

g =0= (Fexfem.:ﬂ,:' + Fc-:-n.sfmmt,:' ) 5’?!' =0

axfernall + Fconsfm it 7

Therefore

Z {Fexfem.:ﬂ,:' + Fconsfmmt,z' } 5’;; =0
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But we have already seen that for individual particles =~ ¢onsfraumt
¥ o dn =0
bes : . .
composed of many subsystems ponsiraints , that is the net virtual work done by
constraint forces is zero. This means that the total virtual work done by the external forces
vanishes, i.e.

l?"z.:

=]
and for a system

—

Z‘ Fexfem.:ﬂ,z' g =0

This is the necessary part of the proof. The condition is also sufficient condition. This is proved
by showing that if the body is not in equilibrium, the virtual work done by the external forces
does not vanish for all arbitrary virtual displacements (consistent with the constraints). If the
body is not in equilibrium, it will move in the direction of the net force on each particle.

During this real displacement dr, the work don by the force on the i particle will be positive
e

(Fexfem.:zi,i + Fconsﬁ‘aint,:’ )d;!- >0
Now we can choose this real displacement to be the virtual displacement and find that when

the body is not in equilibrium, all virtual displacements consistent with the constraints will not
give zero virtual work. Thus when the system is not in equilibrium

—+

[Fexfem.:ﬂ,z' + Fconsi‘mint,z' ) 'ﬁh >0= Zl [Fexfem.:ﬂ,z' + Fconsi‘mint,z')' 'ﬁh >0
1

Assuming again that the net work done by the constraint forces is zero, we get that for a body
not in equilibrium

Z‘ Fexfem.:ﬂ,:’ g =0

1

This implies that when the virtual work done by external forces vanishes, the system must be
in equilibrium. This proves the sufficiency part of the condition. We now solve some examples
to illustrate how the method of virtual work is applied.

Example 1: A pendulum in equilibrium as shown in figure 5. We show the coordinates of the
bob in the figure 7 below.
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*______________

A plane pendulum in equilibriues under force F

Figure 7

Kppp = 4510 &
Vaou =dcosd

If the pendulum is give a virtual displacement i.e. & *&+48

Ax=lcos GAS
My =—fzm 8AF

By the principle of virtual work, the total virtual work done by the external forces vanishes at
equilibrium. So the equilibrium is described by

Floos 888 —mglsm GA8
giving
F=mgtan &

Which is the same answer as obtained earlier.

Example 2: This is the problem involving two crossed bars as shown in figure 2. We wish to
calculate the force F required to keep the system in equilibrium using the principle of virtual
work.

To apply the principle of virtual work, imagine a virtual displacement consistent with the
constraint. The only displacement possible - because of only one degree of freedom - is that
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& —=8+48 From figure 2 it is clear that the external forces on the system are F and 2mg
(weight of the bars).

Figure 8

As 0 increased to 0 + AB , the point where the bars cross moves down by a distance (see figure
8)

! g ! g+48 T
—rcog| — |——cos =_zan|— |AS
2 [2] 2 ( 2 ] 4 [2]

and the point when F is applied moves to the right by a distance

famn g+4a8 —/an ﬁ =£—|:os E Mg
& z 2 2

To calculate the net virtual work done, | remind you that work by a force F s calculated by

taking the dot product F-g7 , Where 57 represents the displacement of the point where the
force is being applied. Thus the virtual work in the present case is

! g { g
2mgw—sn| — |AF - F x—cos| — |AF

4 2 2 2
For equilibrium we equate this to zero to get

g
F=mgtan| —
g an(zj

which is the same result as obtained earlier.
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So you see in both these examples that by applying the method of virtual work, we have
bypassed calculating the constraint forces completely and that is what makes the method easy
to implement in large systems. The way to learn the method well is to practice as many
problems as possible. I will now solve some examples to demonstrate the usefulness of the
method for large system. To start with let us take the example which we gave in the beginning
- that of toy with made with bars.

Example 3: If there are N crossings in the folding toy shown in figure 9, what is the force
required to keep the system in equilibrium?

A B

A folding tov made uwp of 2N bars aif N crossings in
equilibrivm under an applied force F. Length aof sach baris i

Figure 9

Again the degree of freedom = 1. The variable we use to describe the position of the
mechanism is the angle between the bars i.e. 0. As the angle 0 is changed to (6+ A0), the upper
end of the bar where force F is applied moves in the direction opposite to the force by

famn g+4a8 —/an E =£—|:os E Mg
& 2 2 2

Thus the virtual work done by F is

- FXE—ECIS[E}{"LE
& 2

On the other hand, the first crossing moves down by

113



{ ay i +408 i i8
—cos| — |——cos| ——— [= —sm | — [AZ
2 2 2 2 4 2
The second crossing by
ECOS[E]—ECOS[E+&E] + icos(gl—icos[g_'_&g] :Esﬁl(ﬁ]ﬁﬂ
2 2 2 2/ 2 2 4 2
and the Nth crossing moves down by

(27- 1’{3 .:oS(g] - .305[5 +2M]} +{é Eos[g] _%EOS(H Tg]} ) % (N )sn (gJMAn

these displacements are in the same direction as the force = 2mg at each of the bar crossings.
Thus the virtual work done by the weight of the mechanism is

e a 1 (8
2mgx sin [E]ﬁﬂxZ[Em _1)= i° %sm (5}55

H=1

This gives a total virtual work done by the external forces to be

w78 (ﬁjﬂa— Fx icos(E]ﬂE
5 5 5 k2

Equating this to zero for equilibrium gives
g
F= szgtan(gj

For N = 1 the answer matches with that obtained in the case of only two bars in example 2
above. For larger N , the force required to keep equilibrium goes up by a factor of N°.

Example 4: A 6m long electric pole of weight W starts falling to one side during rains. It is
kept from falling by tying a strong rope at its centre of gravity (assumed to be right in the
middle of the pole) and securing the other end of the rope on ground. All the relevant distances
are given in figure 10. Assume that the lower end of the pole is like a pin joint. Under these
conditions we want to find the tension in the rope using the method of virtual work.
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Figure 10

In this problem also there is only one degree of freedom 4. The constraint is that the pole can
only rotate about the assumed pin joint at the ground. The constraint forces are the reactions at
the ground and do no work on the pole when it rotates. There is also the constraint of the
rigidity of the pole. Extend forces are W and T. By principle of virtual work when @ is changed
to (6 + 46 ), the total virtual work vanishes. If the centre of gravity moves up by 4y and to
the left by 4x as @ is increased to (@ + 46 ) , the virtual work done is

AW = —(Tan @+ by + Toos adx

which, when equated to zero, gives

T Wi v
hxcos@—Aysin o

From the figure it is easy to see that

fih &= > and cosa= 5
Va1 J41

and (only the magnitude)
Ax =3sin 8AF= 548 and Ay =Zces8AF=2MA8
Substituting these in the expression for the tension gives
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This concludes the lecture on the method of virtual work. In the lecture, | have given you an
introduction to the method assuming that constraints do no work. The method is really useful
when there are many constraints and the system is complicated. It makes calculations easier by
avoiding calculating constraint forces. The method also provides basis for simplifying
dynamics calculations under constrained motion. You will be learning more about it in an
advanced course.

Lecture 11
Motion in a plane: Introduction to polar coordinates

So far we have discussed equilibrium of bodies i.e. we have concentrated only on statics. From
this lecture onwards we learn about the motion of particles and composite bodies and how it is
affected by the forces applied on the system. Thus we are now starting study of dynamics.

When we describe the motion of a particle, we specify it by giving its position and velocity as a
function of time. How the motion changes with time is given by the application of Newton's

11" Law. One such particle at position Fmoving with velocity ¥ and acted upon by a force F
F

—+ ﬁ_f = —
is shown in figure 1. The force £ gives rise to an acceleration # . Notice that in general
the position, the velocity and the acceleration are not in the same direction.
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Figure 1

Each of these vectors is specified by giving its component along a set of conveniently chosen
axes. For a particle moving in a plane, if we choose the Cartesian coordinate system (x-y axes)
then the position is given by specifying the coordinates (X, y), velocity by its components

Fx F.J-'
(v, ,v,) . . a, = —anda, =—
** "7 and acceleration by its components " #  These are related by the
relationship
_dx _dy

w0 T &

and

i dx dv, gy

a, = = — - =

oode 4t T T dr de?

These expressions are easily generalized to three dimensions by including the z-component of
the motion also. However, in this lecture we will be focusing on motion in a plane only. With
these components the equations of motion to be solved are

d*x diy
e M
Coupled with the initial conditions solutions of these equations provide the velocity and

position of a particle uniquely. However, the Cartesian system of coordinates is only one way
of describing the motion of a particle. There arise many situations where describing the motion
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in some other coordinate system i.e., taking components along some other directions is move
convenient. One such coordinate system is polar coordinates. In this lecture we discuss the use
of this system to describe the motion of a particle. To introduce you to polar coordinates and
how their use may make things easy, we start with the discussion of a particle in a circle.

Consider a particle is moving with a constant angular speed w in a circle of radius R centered
at the origin (see figure 2). Its x and y coordinates are given as

x=AHcos o
v=Famn gt

with both x and y being functions of time (see figure 2).

ot

A particle moving with constant angular speed @
in a circle af radius R

Figure 2

On the other hand, if we choose to give the position of the particle by giving its distance r from
the origin and the angle @ that the line from the origin to the particle makes with x-axis in the
counter-clockwise direction, then the position is given as
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In this coordinate system, r is a constant and @ a linear function of time. Thus there is only one
variable that varies with time whereas the other one remains constant. The motion description

thus is simpler. These co-ordinates (rand @) are known as the planar polar coordinates. As
expected, these coordinates are most useful in describing motion when there is some sort of a
rotational motion. We will therefore find them useful, for example, in discussing motion of
planets around the sun rotating bodies and motion of rotating objects.

Uinit vectors Fand @ in poiar coordinates

Figure 3

So to start with let us set up the unit vectors is polar co-ordinates ( », @ ) . Given a point (r.4) :
the unit vector ¥ is in outward radial direction and has magnitude of unity. The ® unit vector is
also of magnitude unity and is perpendicular to #and in the direction of increasing ® (see

figure 3). Obviously the dot product #=" In term of the unit vectors in x and y direction
these are given as
F=rcosgt +sin $7

.;i?:—sin .;25:?+|:-::-s-;25'}

As is clear from these expression the direction of # and @ is not fixed but depends on the angle

®. On the other hand, it does not depend on r. If we go along a radius, #and ® remain
unchanged as we move (recall that two parallel vectors of same magnitude are equal). But that
is not the case if ® is changed.
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The position a of a particle in polar co-ordinates to given by writing
F=rf

As particle moves about, o changes. Does the mean that the velocity

The answer is no. As already discussed * is a function of &, the angle from the x-axis. Thus as
a particle moves such that the angle ® changes with time, the unit vector ¥ also changes. Its

derivative with respect to time is therefore not zero. Thus the correct expression for Vis
- [dr],\ [cir’"‘]
vW=|—|F+r —

i i

Let us now calculate ( ] As already stated, # does not change as one moves radically in or
out. Thus # changes only if ® changes. Let us now calculate this change (figure 4)

dF
it

Charge in unit vecior F and .;5 as angle ¢ is changed o $+A¢

Figure 4

As is clear from the figure
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AP = A

dr (b .o
:‘7—[5]¢—¢¢

where the dot on top of a quantity denotes its time derivative. The expression above can also be
derived mathematically as follows:

Z;j = %(cos ;ﬁs{\ + zif) .;Ef'})
= .;25'(— sin g7 + cos ;Eﬁ}}
= 6¢

Thus the velocity of a particle is given as

T =+ g

We note that the unit vectors in polar coordinates keep changing as the particle moves because
they are given by the particles current position. Thus even if a particle were moving with a
constant velocity, the components of velocity along the radial and the directions will change.
Let us calculate the velocity of a particle moving in a circle with a constant angular speed. For
such a particle

F=0 and g=a

so the velocity is given as

¥ = R

This is a well known result: the velocity of a particle moving in a circle with a constant angular
speed is in the tangential direction and its magnitude is Ro. How about the acceleration in

polar coordinates? This is the derivative of v with respect to time. Thus
L [dv - S TP

=| —|=] — +
& [dﬁJ (dJ{rr rag

As was the case with the unit vector 7, the unit vector #also is a function of the polar angle ®
and as such changes as the particle moves about. Thus in calculating the acceleration, time

derivative of %also should be taken into account. From figure 4 it is clear that
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A= —hgF

_d0_ -(ﬁ}f =g
2 \ &

This can also be derived mathematically as

% = %(— £in ¢1¢+cos¢}}

= .;Eﬁ{— Cos .;251{\— st -;Eﬁ_})
= —gF

Using this derivative and the chain rule for differentiation, we get

i= (%](f? +

I -
=Pt it g g —
P rcﬁ rOP 4 r;édz

-

=—r@ Y+ lrd+276)

You can see that the expression is a little complicated. The complexity of the expression arises
because the unit vectors are changing as the particle moves. You can check for yourself that for
a particle moving with a constant velocity, the expression above will give zero acceleration.
Despite little complicated expressions for the acceleration, employing polar coordinates
becomes really useful in situations where motion is circular-like as we will see in two standard
examples later. Let us first go to one familiar example of a particle moving in a circle for

whichr=R, #=@_ This gives

i =—Ra'F

which is the correct answer for the centripetal acceleration. For this reason ¢2 is known as the
centripetal term. Let us now solve an example of mechanics using polar co-ordinates.

Example 1: A bead of mass m can slide without friction on a straight thin wire moving with

constant angular speed '@ in a horizontal plane (figure 5). If we leave the bead with zero initial

radial velocity at 7 =& | we wish to describe its subsequent motion and also find the horizontal
force applied by the wire on the bead.
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Figure 5

To see the usefulness of polar coordinates, try to write equations of motion for the bead in the
Cartesian coordinates. This | leave for you to do. We solve the problem using polar co-
ordinates. Thus at any instant the acceleration is given by the formula

G=lF-rf Y +lrd+278)

We emphasize that the expression above gives the components of the acceleration along the
radial and the f directions which are not fixed in space but are changing continuously. It is

given that p=a (a constant) which also means that #=0 The acceleration of the bead on the
wire is therefore

=[F-ro*F+27af
Since there is no friction, the wire does not apply any radial force on the bead. Therefore

2

Fora® =10

You can check by substitution that the solution for the equation above is

F= Ae'ﬂ +‘-E=3'_'7‘]I

where A and B are two constants to be determined from the initial conditions. Differentiating
the equation above gives

F= m(ﬂem - Be_mf)

Thus acceleration perpendicular to wire is
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ﬂgﬁ = 2ra
= 20*{40™ - Bo ™)
So the horizontal force applied by wire is

F;ﬁ = mdg = Zm (ﬂgm - Bé'_mf)

Of course because the unit vectors employed change direction continuously, the force above is
also in different directions at different times with the magnitude given by the expression above.
To determinate A and B, we substitute t = 0 in the expressions derived for the radius and the
radial speed and equate them to their vales given at that time. This gives

A+E=R
A-5=0

=4d=F= E

2
This leads to the answer
E(Eﬁlf _é‘—ﬁlf)

2
%(Eﬂlf _E—ﬁlf}

r=
;=
F=ma’Rie™ —o™%0

Example 2: A particle, tied to a string, is moving on a smooth frictionless table in a circle of
radius ro with an angular speed wq. The string is pulled in slowly through a hole in the middle

of the table with constant speed V. We want to find the change in its speed as a function of time
and also the force required for the string to be pulled (figure 6).
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Figure 6

The mass, when pulled in, is moving under the influence of an inwardly directed radial force

— FF# _ Although the force keeps changing its direction depending upon where the particle is, it
always remains radial. The expression for the acceleration of the particle in the polar
coordinates is

&= {F - r;ﬁz)?w [:r;25+ 25“;5);;

Since it is given 7 = =¥, which means 7 = ¢ and the force is only in —# direction, we have

Ferg? =—rg = —E
FH
or mrdt = F
Since there is no force component in the @ direction, we have

rdt +2rg=10

Multiply both sides of this equation by r to get

P8 2 g=10
dfoa;
J— :|:|

of a!’.ﬁ(r .;25']

2_
of  po@ = constant

ry =Vt

Since © T , the equation above gives
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r gm‘, = (rﬁ, —Vz]gm

[

of @@= rﬂzmﬂ/[r‘, - V.ﬁ]z

_ i3
The force ¥ = 7% pulling the string in is therefore

4
Fo
Fem—t—t_
{'r::l _Vﬁ]

In solving this example, we see that for forces in radial direction & =constant = which is

nothing by a statement of the conservation of angular momentum. We will discuss it more later
when we study angular momentum.

After introducing the planar polar coordinates, we nor briefly describe what are the other
coordinate systems in three dimensions. A natural extension of planar coordinates in the
cylindrical coordinate system. This arises when we add the third-z direction to planar polar
coordinates. See figure 7.

Chvlindrical coordinates af a particls

Figure 7

The position of a particle is described by (r.2.2) with the corresponding unit vectors being

(7. gand 2) . In this case the Z unit vector is a constant and (7. #) are given as in the planar
polar co-ordinates so that
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o
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Cos -;Eﬁ:f + it .;25':.;

—sin @7 +cosd

o

Thus the expressions for all the quantities are similar to those for planar polar co-ordinates
except that < direction is also added. As a result,

P4 2

Al
I

e

(- rd* Vot (rft 2r g)p+ 22

W

By
I

We now introduce another set of coordinates, the spherical polar coordinates, in three
dimensions. A point in these coordinates is specifically by its distance from the centre r , the
angle @ that the line joining the point to origin makes with the z-axis and the angle @& that the
projection of this line on the (xy) plane makes with the x-axis. Thus a point is specified by

(r.8.¢) (see figure 8).

)

Iy

.
s
'
.
I
-
P R
=

i

Spherical coordinates of a point and the unit vectors F, 8 and .;5

Figure 8

Thus “*+7-2) co-ordinates for a point &+ & #J are

x=rsin ooz
¥ =ran Jsm

z=rcosd
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The unit vectors are given as -

F=szin Scosfi +sin Fsin ;éj+cos§ﬁ€

oy

& unit vector points in a direction below the (xy) plane making an angle €from the (xy) plane.
So it is given as

d= cos&cos it +cos Jsin ¢ — sin gk

And ?is in the (xy) plane and is given as

$=—sin i +cosd f
which is the same as for planar polar coordinates. As is clear, the unit vectors in this case are

also position dependent and change as the particle position changes. This affects the expression
for velocities and acceleration when they are expressed in spherical coordinates.

é‘md&‘ﬁ

Let us evaluate the time derivatives of " geometrically. The unit vector # does not

depend on r but changes with 0 . This gives
AR = 8 +A8) = S

Similarly when 0 is fixed and ® changes, we get
AF= (g — ¢+ Ag) = sin G g

When we combine the two results we get

AF = ABE + sin A g

which gives

Thus the expression for velocity in spherical coordinates is

-+ = d -
v—r—E(rﬂ

= FF+r88 +rsin 5'.;25'-;5
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We leave the calculation of “24#and the acceleration as an exercise. We end this brief
introduction to spherical coordinates by noting that spherical polar coordinates can be those of
as two plane polar coordinates systems : one the plane of radius vector and the z-axis with

(r.&) as planar coordinates and the other the (xy) plane with ¥ &-@) a5 the planar polar
coordinates.

Lecture 12
Motion with constraints

In this lecture we are going to deal with motion of particles when they move under constraints
applied on their motion. Of course the motion is determined by Newton 's second law i.e., by
solving the equation of motion

- dF -
ma=m—=r

de?

where # is the total force — which is the sum of the externally applied and those arising from
other particles as well as the constraints in the system - acting on a body of mass m and is
L dF
@=—7
producing an acceleration df® | Recall from lecture 9 that constraints are the restrictions
applied on the movement of a body by various means and are brought about by constraint
forces . For example, | may restrict the body to move along a straight wire (see figure 1). In

that case the component of & only along the wire will affect the motion of the mass (if there is
no friction) and its perpendicular component will be nullified by the normal reaction of the
wire, which is the constraint force in this case. As another common example of constrained
motion take the motion of two masses at the end of a rope going over a frictionless pulley
(Atwood's machine) also shown in figure 1.
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m3

Twa examples of constrained motion

Figure 1

In this case also, the motion of one mass is determined by not only by the gravitational force on
it alone but also by the weight of the other mass. Thus the two masses are not fully free to
move under their own weight and the motion is constrained. The constrained is brought about
through tension in the rope, which is then the constraint force.

We have seen two simple examples of constrained motion. We make an observation that
constraints can be caused either by restricting the motion externally, as was the case for a mass
on a wire, or by the presence of other bodies that are themselves moving, as in the example of
two masses over a pulley. In lecture 9 we had introduced these concepts and stopped at that.
However, for obtaining the positions and velocities of particles under constraints, we wish to
express these constraints mathematically and account for them while solving the equations of
motion. This is what this lecture is going to be about.

Let us start with the example of a mass on a straight wire (say in x direction). The constraint
that the mass moves only in the x-direction is equivalent to saying that

¥ = constant

Z = constant

This is how we mathematically express the constraint that the mass moves only along the x-
axis. As pointed out earlier, to keep the y and the z coordinates of the mass unchanged, the
wire applied a normal force on the mass to cancel the perpendicular (to the wire) component of
the applied force so that the net force is along the wire. This normal reaction is the constraint
force (figure 2). Notice that all that the wire does to the mass, as far as its motion is concerned,
is represented by this force.

130



11}
=1

A mass constrained fo move on & wire under applied farce K.

Maormal force N iz the constraint force. Note that the sum of thess
twa farces is along the wire.

Figure 2

To study the motion of the mass all | need to look at are only the forces — external and
constraint forces - acting on the mass. In this case the wire is represented by the normal force
that it applies. Recall from lecture 4 that such a diagram is called a free-body diagram . The
advantage of drawing a free-body diagram is that it identifies the relevant quantities to write
the equation of motion. In the present case the free-body diagram of the mass is given in figure
3.

Free-body diagram af @ mass on @ wire

Figure 3

Let us now write the equations of motion for the body in terms of its x, y and z -components :
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mr =K,

my =, + N,
mz=F 4+ N,

Let us count how many unknown are there? The unknowns are x , y , z, Ny, and N; ,

numbering five (£ is given). But there are only three equations. How do we find the other two
equations? For this recall that the two of the unknowns, Ny and Ny , arise because of the
constraints. And it is these constraints that provide the two more equations needed for a
solution. The constraints that y = constant and z = constant imply that

With these two additional equations, we now have five equations and five unknowns. Thus and
we can solve for x , y, z and Ny and Ny in terms of given parameters of the problem.

Let us now look at the other problem of two masses hanging on the sides of a frictionless
pulley (see figure 1), a special case of Atwood's Machine. For simplicity we take the pulley
and the rope to be massless. Let the masses be m; & m; . In this problem also the motion is in
only one direction i.e. the vertical direction so we are going to ignore the other two dimensions.
In this problem the constraint is that the two masses move together and it is effected by the
rope. As noted above, the force of constraint therefore is the tension T in the rope. Let us now
make their free-body diagrams for the two moving masses m; and m,. We measure all
distances from the ground and let the distance of m; be y; and that of m;, is y, . Please see figure
4,
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Frea-body diagrams of m and »y and their distances y and v;
From the ground. The pullev is at height k.

Figure 4

Equation of motion for m; and m; are

gy =T —mg

wyVy =T —myg

The tension T is the same on both sides because rope and pulley both are massless and the
pulley is also frictionless. These are two equations and there are three unknowns: y; , y, and T .
The tension T arises because of constraint so the constraint itself provides the desired third
equation. In this case the constraint is that the length of the rope is constant. This can be
expressed mathematically as (see figure 4 for meaning of symbols)

{2 — 3 )+ (-3, )= length of rope— 7R = constant

where R is the radius of the pulley. Differentiating this equation twice with respect to time
gives

¥ty =0 or 3 =-y

We now have three equations for three unknowns:
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my, =T —mg
¥, =T —myg

Fr ="V

Solving these equations gives

.. B, — .. i, —
y1=[—2 l]g and h:—[ : l]g
B+ B+

a result that you already know. Thus if m, >m;, m; accelerates up.

Through these two simple examples, | have identified sequential steps that we take in solving a
problem involving constraints | now summarize these steps:

1. Identify the constraints and forces of constraints in the given problem;

2. Make free body diagrams of different bodies taking part in the motion. Let me remind
you in making free body diagram take the body and show all the forces - applied and
those of constraints - on the body;

3. Write equations of motion for each subsystem/body. At this stage the number of
equations will be less than the number of variables in the problem;

4. Write the constraint equations. They will provide the missing equations (This happens
because each constraint introduces a constraint force which becomes the additional
unknown);

5. Solve the equations.

Let us us now apply the procedure outlined above to slightly more difficult examples.

Example 1: There are three massless and frictionless pulleys P1, P2 and P3. P1 and P2 are
fixed and P3 can move up and down, as shown in figure 5. A massless rope R1 passes over the
pulleys as shown and two masses m; and m, attached at its ends. A third mass ms is hanging
from P3 by a rope R2 of fixed length. Find the acceleration of the three masses.
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Figure 5

In figure 5 we have also shown the distances of different pulleys and masses from the ground,
with the vertically up direction taken to be positive. The heights h; and h, of pulleys P1 and P2,
respectively, are fixed whereas height y, of pulley P3 can change. We go about solving the
problem according to the steps given above.

Step 1: We identify two constraints and the forces of constraints as: rope R1 has fixed length
with the force of constraint being tension T; in the rope. The other constraint is that rope R2
has fixed length with the tension T, in the rope as the constraint force. Because of massless
pulleys and ropes and frictionless surfaces T, is the same throughout rope R1.

Step 2 : Make free-body diagrams of the subsystems. We consider only those subsystems that

can move. Thus we make free-body diagram of each mass and the pulley P3 as shown in figure
6.
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Free-body diagram for the three massss and pulley P3

Figure 6

Step 3 : By looking at the free-body diagrams, write equations of motion for each subsystem.
In terms of the distances shown in figure 5, we get

ey =1 — g
pv, =1 —myg

¥y =1, —msg
and because the pulley is massless
T,-20 =0

Thus equations of motion give four equations. However there are six unknowns viz.

TR SRS andy?—’. Their number exceeds the number of equations obtained so far by
two.

Step 4 : The additional two equations are provided by the constraint equations. The constraint
that rope R1 is of fixed length is expressed as (see figure 5 for the variables used)

{’331 - }’1] +{3E31 +hy - 2}*‘;. J+ {323 - y;] = constant
of ¥ty + Eyp = constant
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Differentiating this equation twice with respect to time gives
.j‘:l + .j’:z + E.j’:p =0
The second constraint that rope R2 is of fixed is equivalent to

Yp—¥y = constant

which upon differentiating gives
.j’;_,l:;u _.j’;3 =0
Thus the equations that describe the motion of the system fully are:

wy =T —mg L-2 =0
Py, =T —myg .}-;1+j2+2jp:[:'
mays =1L — g .J-’-p_.j’é:[:]

I will leave Step 5 — that is solving the equations - for you to do but give you partial answer. It
IS

N dina iy — [ml + iy ]m3
¥z =

- dina i, +(m1 + iy jm3 £

I would now like you to try a similar problem but with slight difference. Let us attach the
centre of the third pulley to a spring of spring constant k (see figure 7). Then find the equations
of motion for the two masses and solve them.
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Figure 7

Example 2 : As another example of constrained motion we take a small block of mass m
sliding down on a cylindrical surface from its top (figure 8). The question we ask is at what
angle from the horizontal would the mass slide off the surface of the cylinder.

Figure 8
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Since this problem involves motion along a circular path | would use planar polar coordinates.
| take the origin at the centre of the cylinder and let the x-axis be along the horizontal and y-
axis along the vertical. Assume that the radius of the cylinder is R . The constraint in this
problem is that r = constant = R. The corresponding constraint force is the normal reaction N
of the cylindrical surface on the block. The free-body diagram of the mass on the cylinder is
shown in figure 9.

Frea-body diagram of a mass on a eviinder (left) and the components
af the weight mg in the radial and the ¢ directions fright)

Figure 9

We now write the equations of motion in the planar polar coordinates. That gives in the #
direction

miF —rd®) = N—mgsin &

and in the ';édirection
mird — 27 @) = —mg cos @

We again have three variables (. pand M p ¢ only two equations. The third equation is
provided by the equation of constraint i.e.

r = constant = R
which gives

F=F=10
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With this the equations to be solved are
—mRg = N —mgsin ¢ mR¢ = —mgcosg
To solve these we use

_d o d L dP
¢ (-:3'3' ;ﬁ(-ﬂfﬂ'

= ¢ —gé(-;??']'

= EE(@:‘

Substituting this in the equation for ? above gives

i d
?d_;ﬁw )=-—mgcos
= R¢* =-Z2gn|?,

= 2g(l-sm ¢

¥
This when substituted in the equation for £& Jeads to
Smgain $= N4+ 2myg

The point when the mass slips off the cylinder is where N becomes zero. So the corresponding
is given by

Smgain $=2mg or s g= %
Example 3: Let us take one more example of constrained motion when two bodies are
involved. | put a block of mass m on a wedge of mass M with wedge angle 0 (see figure 10).

The wedge is free to move on a frictionless plane. There is no friction also between m and M .
We wish to find the resulting motion.
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Figure 10

There are clearly two subsystems, the masses m and M . There are two constraints in the
system. Constraint one is that the mass m moves along the edge of the wedge so its x and y
components are not independent. The other constraint is that the wedge moves only in the x
direction. The constraint forces are obviously the normal reaction N; on mass m by the wedge
and the normal reaction N, on the wedge by the ground. The free-body diagrams for the two
subsystems are as shown in figure 11.

Iz

mg

Figure 11

Notice that in the free-body diagram of the wedge, there is no mg of block. It is all accounted
for by Ni. To set up the equations of motion, let us choose our co-ordinates system a follows
(see figure 12): Let the coordinate of the right-hand side lower corner of the wedge be given
the co-ordinates (x; y1 ) and let the co-ordinates of the block be (X2 ).
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Figure 12

The equations of motion in terms of these coordinates are:
mi, = N sin & M = - sin &

my, =N cos8—mg My =-Mcos8-mg + M

For the six variables - ‘A1) (%a22), Myand Ny o the system, we need two more equations,
which are provided by the constraints equations. These are

yp = 0which grves 3y =3, =10

and

Vs = constant = tan &
AT A
which gives

yp=lm-x)tand and y; =(x —x)tan &

Thus the equations to be solved are

mx, =M sin & My =-Mcosf—mg+ N,
my, =N cos8-mg y=10

These equations can now be solved to get all the variables as a function of time. That task is
left for you. I'll leave you with answers for N :

Lecture 13
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Motion with friction and drag

We have been looking at the constrained motion of particles and found that in solving the
problems we make free-body diagrams and look at the motion of each subsystem
independently. Then the motion of individual subsystem is linked through constraints that they
impose on each other. The example that we took were Atwood's machine and a mass sliding on
a wedge. However, in these examples we neglected a ubiquitous force which is the force of
friction. In this lecture we take this into account and solve problems involving the friction

We would take into account two kinds of frictional forces - one that arises when two solid
bodies are in contact and the other that arises when a body is moving through a liquid, the
viscous force. Let us first consider the case when two solid bodies are moving against each
other. A detailed discussion about the nature of frictional force and its relationship with the
normal reaction has already been presented in lecture 6. We start with a review of the main
points discussed there.

If there is a tendency between two bodies to slide against each other, or if one body is sliding
over a surface, the friction between the two bodies resists this motion. Question is whether this
is a constant force or adjusts itself. It is experimentally observed that the maximum frictional

force i that a surface can apply on an object is
Jae = HV

where N is the normal reaction of the surface on the body and p is the coefficient of friction; its
value is different for the static and dynamic case. Thus there are two coefficients of friction
between two surfaces: static coefficient of static friction ps and the coefficient of dynamic
friction W, with the latter being smaller than the former. Further, ps is always observed to be
less than 1. And the direction of frictional force is such that it opposes the motion or the
tendency to move

Let us now take a couple of standard examples involving friction similar to those solved in
lecture 6.

Example 1: We put a block of 5kg on top a 10kg block. They are then attached through a
massless and frictionless pulley to a mass M as shown in figure 1. The coefficient of friction
between all surfaces for both static and dynamic friction is 0.5. What is the acceleration for (a)
M = 20kg and (b) M = 40kg ( g = 9.8m/s*)?
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Skg

10kg
T

Figure 1

What we should see in solution of this problem is the maximum possible acceleration that the
5kg block can have, and then solve for the mass My that will give this acceleration for both the
5kg and the 10kg blocks. If M is less than My, both the blocks will move together. On the other
hand, if M exceeds My, the blocks will slip on each other.

To start the calculations | show in figure 2 the free body diagrams of all the masses with
maximum possible friction

| g T

fhlrt'l,a.:{
11 mase T

-
fﬂmax l

5a 10g Mg

Free body diagrames of all the blocks in figure with
maximen possible friction.

Figure 2
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Looking at the 5kg block, we see that

Ny=5g = fm = 5x5x98=245N

The maximum possible acceleration for the 5kg mass is
B = MHE = 4 9

Let me now calculate Mg corresponding to this acceleration. The corresponding equations for
the 10kg block are

Ny=N +10g=147TN = f, =05x147=735N
T Ao — Fame = 10e, = T=147N

The equation of motion for the mass M then gives My as follows

Meg-T=Ma,,. = MU:L:BDkg

B~ Dime
Now | answer the question asked in the problem.
(@) For 20 kg mass, let the friction between the blocks be f. Then we have
F =5a T—F = fopme =102 and 20g-7=20a
These equations lead to the acceleration of the system as follows

20g — fape = 3592 = a=35ms"

(b) M = 40kg. Although I have already shown you that in this case the two blocks will slide on
each other. Let me show this to you again in another way. Assume that the blocks move
together. In that case the acceleration of the assembly will be

a = 40—2 =7 12ms™
55

But this is larger than the maximum possible acceleration for the 5kg block, so the assembly
cannot move together. Under these conditions the equations for the 10kg block and the mass M
are

T = flogm — Fomme = 10a and 40g—-T =40a
which gives
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a=40g_flm _fﬂm.ux
a0

= 5 88ms 2

The 5kg mass of course moves with acceleration of only 4.9ms 2 .

Example 2: As the second example let me take a hollow cylinder that is rotating about its axis
with a constant angular speed o . Because of this rotation a mass m on the wall of the cylinder
does not slip down (see figure 3). If the coefficient of friction between the cylinder wall and
the mass is |, what is the minimum value of w for this to happen?

e :
7 N
m
mg

Mass m inside a roiating oylinder. Iffs free body diagram
wien if is fuck o the wall of the cyiinder right).

Figure 3

For the mass not to slip, the maximum possible friction on it should be greater than the actual
frictional force that holds it against its weight. Since the problem involves rotation we will use
cylindrical coordinates. The free body diagram of the mass is as given in figure 3. The mass m
experiences three forces when it is stuck to the wall of the cylinder. These forces are its weight
mg, the normal reaction N of the cylinder and the frictional force f . In cylindrical coordinates
the acceleration of the mass is

(- rd? o+ frd+ 20 d)p+ 22
so that
m(r"'— ra )r’"‘ +m(r.;55 +2f;ﬁﬁ+m’z§z" =-MNF+ (f— mgﬁ

Now
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r=FK=cronstant = F=F=1[

z=rconstant = £=10 = —mR@F+-MNF+(f-mg)z=0

§=ag=0
which gives
N=mRo® = f =muRe’ ad F=mg

From this minimum angular speed wnin is calculated as follows.
Fom> F = nR@ »mg or @ %

Ty = &
Thus HER )

So far we have discussed one kind of frictional force where two solid bodies are in contact. We
now learn to deal with the drag force which is experienced when a body is moving through gas

or a liquid. This force arises due to viscosity of the fluid. To the lowest order in the velocity W
of the moving body, the drag force is approximated by

deg = —kv

that is, it is a force in the direction opposite to the velocity and its magnitude is proportional to
the speed. So the equation of motion in presence of drag force will read

If we write it in its component form we have

mi=F, — k&
my = F, —ky
mE = F, —ky

These formulae are valid when the speed of the object is not very large; at large speeds the
drag force becomes proportional to the square of the velocity. The simplest example of the
effect of drag is the falling raindrops. Although falling from great heights, they do not hit us
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with very large speed because of the drag force on them.

As an object falls vertically through a liquid/gas, the drag force on it increases with its speed.
At a certain speed - when the drag force equals the weight of the object - it stops accelerating
further and therefore moves with a constant speed. This speed is known as the terminal speed
or terminal velocity. Assuming drag force to be linearly dependent on velocity, let us estimate
the terminal speed of an object when it falls through a liquid of viscosity 7. Let the vertically
downward direction be y, then

miy = mg — kp

But the object will stop accelerating, i.e. y= D, after attaining the terminal speed. Thus at the

terminal speed *ferm
g = Ko

which gives

o =[]
Frerm = i

That is the terminal speed of the object. To estimate the terminal speed we need to know what
k is. For a spherical object of radius a moving with low speeds, stokes formula gives the drag
force to be

deg = —GRav

If the object is made of a material of density p, the terminal speed comes out to be

. 2(a’og
Frarm = E .

Let us estimate what will be the terminal speed of a rain drop of 2mm radius. With the

=1.8x107" Nz /o

viscosity of air 7 , We get

2 4107 %10 9.8

2
Ytem =g 18x10™

& 435/ 5 (1750 komfh)

This is too high compared to the observed speeds of about 20 kmph to 5 kmph. Obviously the
dependence of drag force on raindrops has higher power dependence on their speeds. In this
lecture we will however restrict ourselves to those cases where the drag force depends linearly

on the speed i.e. Firag =KV . We now solve examples involving such drag force.
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Example 3 : An object is thrown in a fluid with initial speed vo. Find its speed and the distance
traveled by it as a function of time.

Assuming the motion to be in x direction, the equation of motion is

mi=—k=

or

o i
—(H+—=x=10
dﬁ(x) mx

You can easily check that the solution is

i= vﬂe_[k’r mlt

So that the speed initially is vy and it decreases exponentially with time. The plot of speed
versus time looks like that given below

W(t)

What about the distance traveled by the object? That is obtained by integrating the speed with
respect to time and is

So that the distance traveled looks like
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Thus as £ =9 | the body will stop after traveling a distance of
(mvt, ]
k

Of course as ¥ —* U the distance becomes larger and larger.

Example 4 : We now consider one-dimensional motion of a particle which is moving under
the influence of a constant applied force in a medium applying a drag force. Motion of a
particle thrown up or falling down is one such example. The equation of motion in this case is

k= F =k
k F

LT
or = (%) - &
Let us take the force to be F and the initial speed of the particle to be zero. Without the term
. _ .k
F[m on the right-hand side, the solution of the equation above was * = ¥+ which is, in

the language of differential equations, the solution of the homogeneous equation i.e., equation
with 0 on the right-hand side. To get the general solution, we add to the homogeneous solution

the particular solution corresponding to F20 The particular solution is
. F

r=—

k

So that the general solution for the velocity is

—(Fc}"'m)r

] F
Xil=—++vwv &
(£) PRAL
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Here v is some constant (not the initial velocity, which is given to be 0). If we start with

(e =01=0ye get

which gives

it = 1 oy
@ =M ]

The plot of velocity versus time looks as follows

E
i
(E)
t
F
with the terminal speed being % . The next question we ask if the solution goes to the standard

F
—i

solution [’W ]of particle moving with a constant acceleration when k=0. From

26 = 21— gt

k we get an answer of 0/0 so we have to be careful in taking k = 0 . Recall
that the solution was obtained by assuming & # 0 because we have been dividing by k . Thus
for the k=0 case we should take the limit of £ — 0 . Doing that we find
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2
#(2) =5(1—1+£:—k_2:2 .......
' moom

- L +om)

L

. F

X = —f
Now k — 0 gives # which is the correct answer. We now calculate the distance x(t)
traveled by the object as a function of time.

¥
x(f) = Ix'(ﬁ'jdﬁ'
Fro ek
=—|[l-¢
p ![ ]
= i[ﬁ - E(1 - e_(kﬁnjf)}
s k
You can see that t — oo the distance is given as

F Fm
© '

2
so at large times it increases linearly with the terminal speed.
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This is easily understood as initially there is no drag due to small initial speed and the distance
is given by the formula for uniform acceleration. Combining the two limiting cases we see that
the plot of x(t) versus time looks like
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=t

Fw |
_ =2
x() = 1553
I'll leave it as an exercise that as k¥ — 0 , we recover the familiar result 2w Also |

would like you to solve for the velocity and height of a ball thrown up with an initial speed v 0
when drag of air is taken into account.

Next we analyze the effect of drag on the projectile motion in the gravitational field. In this
case, we have a projectile shot with initial speed v, at an angle 6, from the horizontal and we
want to find to subsequent motion. The equations of motion are (taking vertically up direction
as the y-direction)

m¥ =ik

w5 = —mg— Iy

We have already solved these equations above, so the speed and distance in the x-direction is
given as

o)

xifi=v,cos8e

and x() = v, ::os g, [I_E—Uc,.‘m:lf]

The equation of motion in the y-direction is
d ... k.

—(+—ry=-z

ot e
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Its solution with the initial condition > @) = ¥ 8t & jg

P =— %[1 — ey i g,e M

I give you an exercise now: find at what time s =09 Show that this time correctly goes to
W, 8n &,

£  when k = 0. Integrating the speed, we get the height y(t) as a function of time. It is
given as

pioy = Zle B oy i)ty ﬁ{r —%1—5““"'”:”1}

R k

Now to get the trajectory one calculates x(t) and y(t) separately and plots y versus x . | give you

some of these for a given *¢ &, but varying k. We take vo = 100m/s and 6, = 45° . For no drag
situation we get the range R = 1010m and the highest point of the projectile to be at h = 254m .
When a drag coefficient of k = 0.1 is introduced we get R = 495m and h = 175m , a reduction
of about 50% in the range and 30% in the height. For k = 0.2 we get R = 313m and h = 135m,
giving a further reduction of about 40% in the range and 20% in the height from the
corresponding k = 0.1 values. Notice when drag force is introduced, the range gets affected
much more than the height. The corresponding trajectories are shown below.

One interesting question we may ask is: for zero drag the maximum range is obtained for 0 =
45°, If we include drag, should the angle be larger than or less than 45° for obtaining maximum
range? Since x-component of the velocity is now decreasing one intuitively feels that the
projectile should be given larger speed in the x-direction for maximum range. Thus the
projectile should be fired at an angle less than 45° This is easily understood from the
calculations presented above. As we saw in those calculations, for k # 0 the motion in y
direction does not get affected as much as it does in the x-direction. This also suggests that for
maximum range we fire the projectile at an angle slightly less than 45° giving it a lager velocity
in x-direction. One can also think of it slightly differently. When the particle is shot up drag
force is large (because of the initial speed) and also both the gravitational force and drag are
working in the same direction. So the partial takes longer to move up the same height than it
does in coming down. Since x-velocity is larger in the beginning, the projectile should cover as
much distance as possible while ascending than when it is coming down (the x-component may
well vanish by that time) This implies that 6 should be smaller than 45°.

What we have done so far is to include the simplest form of drag force in solving for the
trajectories of motion. However, as the speed increases drag force may also include higher
powers of velocity i.e. it may take the form
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where ¥ is the unit vector in the direction of the velocity. This is written here to show that force
Is opposite to the velocity vector. In such cases the corresponding differential equation become
non-linear in v and getting the solution becomes difficult, necessitating the use of numerical
methods. Some problems though do allow analytic solutions. I end this lecture by giving you
one such problem to solve.

Exercise : Throw a ball up will initial velocity "iand let the force of drag be = ~kv* Find the

final speed "7 of the ball when it hits the ground. Also find the height that it goes up to.

Lecture 14
Momentum

So far we have dealt with motion of single particles. Now we are going to make the situation
slightly more difficult by letting two or more particles apply forces on one another either by
coming in contact or from a distance, and see how we can describe their motion. In such a
situation the motion become much more interesting. Let us take an example of only two
particles interacting through a spring connected to them, as shown below.

Ih—nann— D

During their motion any of the following could take place: the distance between them may
change,

I~ =i

B
-

or their orientation may change,

h—nnan— (D

or a combination of both these may occur. Now we wish to develop methods of dealing with
such situations. We do this gradually by taking one step at a time. In this regard, we start by
introducing the quantity momentum that plays a very important role in describing motion when
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more than one point particle are involved in the motion.

To understand the importance of momentum, let us do the following experiment. Take a cart
moving on a frictionless horizontal plane and start putting mass into it; it may be dropped

vertically in it (see figure 1 below).

=14

L

Figure 1

You will see that the cart starts slowing down. If we wish to keep it moving with the same
velocity, we find that we have to apply a force on it

= (AMY
FiY:
Compare this with the standard form of Newton's 11" law where we put

Fomi=-u2
Y,

So we see that whether the mass is changed and the velocity kept constant, or the velocity is
changed and the mass is kept constant, we have to apply a force to a body. Thus in general

g g

MMM

(We have ignored the second-order term &£ right now assuming that both the mass and

the velocity are varying continuously). Therefore

5 QL) _ (.::E'M{F]
At dt
_dp
T
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and this defines for us a quality called the momentum denoted above by 2 By definition
E=M7V

The force applied on a body or a system of particles is then the rate of change of their total
momentum, i.e.

A [ffﬁ]
ot

where # now refers to the momentum of the system made up of a collection of particles. In the
example taken above, we have to apply a force to keep the cart moving with a constant velocity
because as the mass falls in the cart and starts moving with same velocity as the cart, the total
momentum of the system - the cart and the mass in it - increases. In writing the definition of
the momentum above, we have implicitly assumed that all the particles of the system, with
total mass M, are moving with the same velocity. However, if the system is made up of N
particles, each one being of different mass m; (i = 1 to N) and also moving with a different

velocity *# , the total momentum of the system will be given as

ﬁzzmiﬁ'

A fundamental property of momentum is now follows from the definition of force in terms of
momentum. If the total force acting on a system of particles is zero, the total momentum of the

system does not change with time. To see it clearly let us go back to the two particles
connected by a spring (see figure 2 below). There we have

for particle 1 and

By E =Jn

for particle 2. Here Ju is the force on particle 1 applied by particle 2. Similarly leis the force
on particle 2 applied by particle 1. By Newton 's third law

le = _fu
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Twa particies of different masssas moving with different velocities.
They are apphing equal and opposite force on one anather.

Figure 2
This immediately results in
&%, a5, 4, . .
py — i, —= = — (v, =0
v Ty T g )

So no matter how these particles move - their individual velocities *1or Y2 may change - but as
long as there is no other force on the system and Newton's third law is obeyed we are going to
have

#V| + gV = constant

The equation above expresses the principle of momentum conservation - which is a
fundamental principle of physics - in its simplest form.

Let us understand this result. If we consider both the particles together as one system, indicated
by the dashed line enclosing them in the figure above, there is no force on this system. This is
because although each particle is acted upon by a force applied by the other particle, on the
system as a whole these two forces act in opposite directions and cancel each other, resulting in
a zero net force on the system. As such the momentum of the system does not change. Thus we
conclude: If the net force acting upon a system of two particles vanishes, their total
momentum does not change with time . Let us now see what happens when we apply forces
on each particle also. In that case we have
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B o = Fon+ 72

-+

. = -~
mg_.:i.ﬁ = ozt /a1

= Fon —J12

which gives

v, dv, = =
#y — —=F .+
1 ﬂ?f. 2 E;!?f. extl et

dF =

or — =
i total

Again we see that no matter how the individual velocities change, the total momentum changes
according to the equation

dp -
[E] = E;'omi

Lhet us now generalize this result to a system of many particles (say N ). Then we have for the
.t -
i particle

a5 -
P & B s +Zf?f
ot 7

Jwi

-+ -+

Where Fats is the external force on the i particle and % is the force applied on i particle due
to j™ particle. Summing it over i gives

&

TR .
2.7 E:Z.‘.Fmi"'z.fu
i ij

i
iwy

Now we can write

= 1 - =
Y Fii=2 Fy+ i
7 25
in g i

-+

But by Newton 's third law Sy = ~Ja which when substituted in the equation above gives
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I.e., the total momentum of a system of particles changes due to only the net outside force
applied on the system; the interaction between particles does not affect their total momentum.

VNP .
And if “¢7=0 je. there is no external force on the system,

d—i—
(E] =10
dt

which means that the total momentum of the system is a constant. That is the statement of
conservation of momentum. We will see later that when combined with the principle of
conservation of energy, it becomes a powerful tool for solving problem in mechanics. For the
time being let us use this principle to develop some intuitive feeling about motion of a
collection of particles; looking at it as a single mass.

We now introduce you to the concept of the centre of mass (CM). To do this, let us look at the
equation of motion

] -
G
(cﬁ] -

which is equivalent to

d v =
Z v, 2L o .
2 1 i exfi

Since total mass of a collection of particles remains the same, we can divide and multiply the
left-hand side of the equation above by the total mass to rewrite it as

dv,
d "d g
- =F_.
e M i
v, = — -
Since @t where “iis the position of the i particle, the above equation can also be written

d? 7 -
M| 2| =F
Z z( A J et [Fodal)
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Now we introduce the position vector Ren for the centre of mass by writing

5 M
Ra =70p

so that the equation of motion looks as follows

o

s
2

4

= £, awt{ fotai)

Now we interpret this equation: It says that irrespective of the interaction between the particles
and their relative motion, the centre of mass of a collection of particles would always move as
if it were a point particle of total mass M moving under the influence of the sum of externally
applied forces on each particle, i.e., the total external force. | caution you that the equation
above does not imply that all the particles are moving the same way. All it says is that they
move in such a way that the motion of their CM is described as if the CM was a particle of
mass M.

Let us take an example.

Example 1: Suppose a bomb dropping vertically down explodes in mid air and breaks into
MR FH

three parts. Let the mass of the bomb be m and those of three pieces 673 2,
respectively. If the heaviest piece falls 10m to the east and the lightest piece 12m south of
where the unexploded bomb would have dropped, where does the third piece fall?

Since MRene = F‘m‘if'f’mfj’the CM keeps on moving - even after the bomb breaks - vertically
down as if it were a point mass of mass M falling under gravity. Thus the CM hits the ground
where the unexploded bomb would have fallen. Let us take this point to be the origin with east
side being the positive x-axis and the north side the positive y-axis. Then
Resa =00 Ty =107 76 = 7127 e the bomb pieces having moved for equal times. By
definition of the centre of mass we have

=+ Fa2 ~y o L -
R g =E><_12j+§rmﬁ +E><103

-

with %es =0 this gives

Fop =158 +6

Relative positions of the three pieces are shown in figure 3 below, with the centre of mass at
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the origin.

wa | ®

i
&

Fogitions af the thres pieces af the bomb on ground

Figure 3

You see that having the knowledge about the position of the other two pieces, we have got the
position of the third piece without the knowing anything about the forces generated during the
explosion and therefore without solving any equation of motion. That is the power of the
momentum conservation principle. | will leave it for you to think which component of
momentum is conserved in this case. Would that component be conserved if drag force were
included?

Other familiar examples of momentum conservation are a gun recoiling when fired, two
persons on roller seats pushing each other and consequently moving away from each other.
Look around and you will find many such examples of momentum conservation.

I now discuss a little about calculation of the centre of mass of a mass distribution. Calculation
of the centre of mass is similar to calculating the centroid of an area (lecture 7), except that the
area is now replaced by mass. For finite masses at given positions, the definition of centre of
mass given above is used directly. For a mass distribution in three-dimensions, we calculate all
three components of the poison of the centre of mass. These are given as

Zziﬁmi Iz.:fm
. T = = and oy, = =
M 2 M m m 1

inﬂ"'wi dem 2. sty Iy.::fm
Hope = =

where dm is a small mass element at the position (x,y,z) in the mass distribution (see figure 4
below).
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0
An element af mass Ay and it x- and y-coardinates

Figure 4

We are now going to change the topic a bit and ask how we describe a system where a large
force acts for very short durations. A cricket bat striking a ball, a hammer hitting a nail, a
person jumping on a floor and coming to sudden stop and a carom striker hitting a coin, or
collisions in general, are examples of such forces in operation. In these cases it is not
meaningful to talk about the force as a function of time because the time span over which the
force acts is very-very short. Further, the force varies a great deal over this short time-interval,
as | show in an example below. It is therefore better to describe the overall impact of the force
in terms of the momentum change it causes to the system. This is given by the integral of the

Ap = | Fat
force over the time that it operates. Thus ” I describes the effect of the force on the

Fas

system. The integral I is known as the impulse and denoted by the symbol J. Obviously
the momentum change of a system equals the impulse given to it. We now discuss these ideas
with the help of an example, that of a ball hitting a wall or any other hard surface.

Let us ask what happens when a ball hits a wall or we jump on the floor. If the ball hitting the
wall reflects back, that means that the wall has applied a force on the ball so that

g =[Far

If the time of contact between the ball and the wall is £ seconds then the average force is

i

] 23

average Af
J

At
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But the real force varies greatly from the average force. We show that now. Take the model of
the ball as following Hooke's law so that if it is compressed by x by the wall, it applies a force
kx on the wall and consequently experiences an equal force in the opposite direction (see figure
5 below).

A badl Bitting a wall and getiing compressed by amount x

Figure 5

Since the force on the ball follows Hooke's law, the ball performs a simple harmonic motion,

kL
a=,]—

, Where A is the maximum compression and "

i
==
From time t = 0 , when the ball comes in and touches the wall, it takes & time (half a
cycle) before leaving the wall. The force during this time is given as

its compression is given by * = sm @

F=kx
= kA @

a = \/: |
Since for a hard ball k is very large, e . So by the time the ball comes back, the
force varies with time as shown in the figure 6 below. Here the maximum force Fnax iS given

T
M=
by kA and @ . In the figure we show both Fpax and Faverage . The latter is calculated as
1 2
Froage = —— | Redlsin @t dt ="
[;?Tfm] 0 T

or
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Variation of the force on a ball with fime as if hits a hard surface at
=0 and gets reflected from it Af time later. The area under the
curve gives the impulse. Both Fypay and Faygqg, are also shown,

Figure 6

So you see that over this short period force varies a great deal and is hardly ever near the
average force that we calculated. The discussion above has been in terms of a model of the
force; the exact force will be different this model and so the variation could be even larger than
that shown. It is in such situations, when a strong force is applied over a very short time period,
that it is much more meaningful to talk of the total momentum change of a particle than the
()

force dt ) Further, in such cases, we generally observe only the initial & final
momentum and are hardly concerned about the finer details. It is this change

AP = _[ﬁ.::’.ﬁ

In the momentum that is known as the impulse. So in the ball rebounding from a hard surface

with the same speed as it comes in with, the impulse is ~ 27, where #iis the initial
momentum of the ball. So instead of talking of the force applied by the ball on the surface, we
say that the ball has imparted momentum to the surface it hit. The amount of momentum
transferred is equal to the impulse. This has interesting application in calculating the force on a
surface when there are many-many particles continuously hitting a surface, for example
molecules in a vessel hitting its walls from inside.

We show two situations in figure 7 below. The upper figure shows the variation of force on a
wall when particles hit a surface at some time interval. The lower one, on the other hand,
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shows the situation when particles hit continuously. In the first case the force on the surface
due to the particles hitting it varies pretty much like the force due to each particle itself. In the
second case, however, the force at any instant is given as the sum of the forces applied by each
particle at that time. This gives an almost constant force Fmany as shown in the figure. The
value of this force is calculated as follows. Let each particle hitting the surface impart an
impulse J to it. If on an average there are n particles per second hitting the surface, then in time
At the momentum transferred to the surface will be (n4¢)J. The force Fmnany will then be given
as

(nAL)T
Fm.:my = T
7 3 Jg
Since AVETRES , the force above can also be written as

Py = (B8 Fgporaze

Thus when a stream of particles hits a surface, the force applied by them to the surface equals
the number of particles striking in time At times the average force applied by each one of
them, a result that you could have anticipated. This is precisely what happens when a jet of
water or flowing mass hits another object.
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At Fits At At

Force on a surface when a stream of pariicles is kitfing it. Upper figure shows the
Jarce when particles come one ab a time whereas the lower one shows the force
when the partcies are Ritfing the surface almost continuousiv.

Figure 7
As an example let us calculate the pressure of a gas filled in a container. Let the mass of each
molecule be m and let their average speed be v . The number density of the molecules in the

gas is taken to be n . Now consider a surface of the container perpendicular to the x-axis. (see
figure 8).
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Molecuies af a gas kitting the wall perpendicular to
the x-axis.

Figure 8

Each molecule, when reflected from the wall imparts a momentum equal to 2mvy to the wall.

The average number of molecules hitting are A of the wall per unit time will be half of those

contained in a cylinder of base area A and height vy (the other half will be moving in the other
Av,

direction). This comes out to be 2 . Thus from the formula derived above the force on the
wall applied by these molecules is

F = Anin?
which gives the pressure
2
= — = NIV
F P x

= —amv
3

This is a result you are already familiar with Kinetic theory of gases. But now you know how it
comes out. Having done this problem we now deal with another very interesting application of
the momentum-force relationship, known as the variable mass problem.

So far we have been dealing with particles of fixed masses. Let us now apply the equation

)
dit to a problem when the mass of the system under consideration varies with time.
The most famous example of this is the rocket propulsion.
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Let a rocket with mass M at time t be moving with velocity V. A small mass Am with velocity
% comes and gets stuck with it so that the rocket now has mass M + Am and moves with a

velocity vV + AP (see figure 9 below) after a time interval of 47. We want to find at what rate
does the velocity of the rocket increase? We point out that the word rocket has been used here
to represent any system with variable mass .

=
L
=4

TI+AM I R

Figure 9

Let us write the momentum change in time interval 47 and equate this to the total external force
on the system (that is the sum of external forces acting on M and Am) times At. That gives

(M +Am)(V + AV) — MY — fomil = F_ At
or
MAF = tan{d - D)+ F_ A — Aamh¥
@ =) s nothing but the relative velocity “#¢ of the mass Am with respect to the rocket.

Dividing both sides of the equation above by At then leads to

MES Am. s bmhT

=—i, .+ F
At Ae T g
ety
We now let At — 0 . In this limit &f also goes to zero for continuously varying mass.

dm _dM
Further, d¢  dt | the rate of change of the mass of the rocket. Thus the equation for the
velocity of a rocket is
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E_Eu”‘t-l_Fm
Note that both the mass and velocity are now functions of time. For a rocket
%{Uandffm{[] Md—v:-li]

dt so that . It is this term that provides the thrust to the rocket. As

pointed out above, although this equation has been derived keeping rocket in mind, it is true
for any system with variable mass .

Example: We now solve a simple problem involving the rocket equation. A rocket is fired
vertically up in a gravitational field. What is its final velocity assuming that the rate of exhaust
and its relative velocity remain unchanged during the lift off?

The motion of rocket is one-dimensional. We take the vertically up direction to be positive.

—+

Then we have *r¢ = "% where u is a positive number. Therefore the rocket equation takes the
form
oM
dt dt
which gives

dv = —%u — g dt
M

or

M,
Ve :u]r{—]— gty
Mf

Here we have taken the initial time and initial velocity both to be zero. Even after the fuel has
all been burnt, we see if we observe the rocket time t after being fired, its velocity will be given
by the formula

M|
w(E) :u]n[M—f] s

assuming g to be a constant.
Finally, although the momentum-force equation can provide answers for the velocities, | would

like to urge you to always think about how the internal forces that generate momenta in
opposite directions are generated. That helps in understanding the underlying physics better.

170



d M.,

i

For example in the rocket problems, we say that mz provides the thrust to make the rocket
move forward. But think about what generates this force? The answer is as follows. In a closed
container, gas pressure applies force in all directions and these forces cancel each other. But
when a hole is made from where the gas can escape, the force in the opposite direction is
unbalanced; and that is what makes the rocket move. If you understand this, you should e able
to answer the following question. If we take a closed box with vacuum inside and punch a hole
in it. Which way will it move?

We conclude this lecture by summarizing what we have learnt. We studied the conservation of
momentum and a related concept of the centre of mass. Using momentum, we then calculated
the force on a surface being hit by a stream of particles, or jet of water. Finally we learnt about
the variable mass problem and applied it to a rocket taking off. In the coming lecture we will
use the conservation of momentum principle along with the conservation of energy and see
how this combination becomes a powerful tool in solving mechanics problems.

Lecture 15 & 16
Work and Energy

You have been studying in your school that we do work when we apply force on a body and
move it. Thus performing work involves both the application of a force as well as displacement
of the body. We will now see how this definition comes about naturally when we eliminate
time from the equation of motion.

The question that immediately comes to mind is why should we eliminate time from the
equation of motion. This is because when we follow the motion of a particle, we are usually
interested in velocity as a function of position. Secondly, if we write the equation of motion in
terms of time derivatives, it may make the equation difficult to solve. In such cases eliminating
time from the equation of motion helps in solving the equation. Let us see this through an
example.

Example: Consider the motion of a particle in a gravitational field of mass M . Gravitational
force on a mass m is in the radial direction and is given as

Since the force in the radial direction, it is better to write the equation of motion in spherical
polar coordinates. For simplicity we consider the motion only along the radial direction so that
the equation of motion is written as

dr__GM
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As you can see, integrating this equation to get r(t) as a function of time is very difficult.

On the other hand, let us eliminate time from the equation by using chain rule of differentiation
to get

Prodfd) ddfd) b
de* del\de)  dedrl d dr
where V=7 s the velocity in the radial direction. This changes the equation of motion to

v A
YP—=—

ar %

This equation is very easy to integrate and gives ¥ =7 as a function of r, which can hopefully
be further integrated to get r as a function of time. Now we go back to what | had said earlier
that the definition of work and energy arises naturally when we eliminate time from the
equation of motion. Let us do that first for one dimensional case and analyze the problem in
detail.

Work and energy in one dimension

The equation of motion in one-dimension (taking the variable to be x, and the force to be F ) is

Let us again eliminate time from the left-hand using the technique used above

d'x _d (cx‘x]_dxi(dx]_ dv

= — = — —_— | = —
dtt i\ de ) df dx\ gt dx
to get

o d 1
mv—v:—(—mvz]:ﬁ'(x)

dr dxl 2

On integration this equation gives

where x; and x; refer to the initial and final positions, and v; and v; to the initial and final
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velocities, respectively. We now interpret this result. We define the kinetic energy of a particle
of mass m and velocity v to be

i . 2
Kinetic energy = Emv

and the work done in moving from one position to the other as the integral given above

Weark done = I Fixdx

With these definitions the equation derived above tells us that work done on a particle changes
its kinetic energy by an equal amount; this known as the work-energy theorem .

You may ask: how do we know this equation to be true and consistent with our observations?
This is the question that was asked in the early eighteenth century when it was not clear how to
define energy, whether as mv or as mv? ? The problem with the definition as mv is that if two
particles moving in the opposite directions have their energies canceling each other and if they
collide, they stop and all the energy is lost . On the other hand, defining it proportional to v
makes their energies add up and noting is lost during collision; the energy just changes form
but is conserved. Experimental evidence for the latter was found by dropping weights into soft
clay floors. It was found that by increasing the speed of the weights by a factor of two made
them sink in a distance roughly four times more; increase in the speed by a factor of three
made it nine times more. That was the evidence in favor of kinetic energy being proportional to

Ve,

Potential energy: Let us now define another related energy known as the potential energy .
This defined for a force field that may exist in the space, for example the gravitational field or
the electric field. Before doing that we first note that even in one dimension, there are many
different ways in which one can go from point 1 to point 2 . Two such paths are shown in the
figure below.

L

F 3

—
L J

On path A the particle goes directly from point 1 to 2 , whereas on path B it goes beyond point
2 and then comes back. The question we now ask is if the work done is always the same in
going from point 1 to point 2. This is not always true. For example if there is friction, the work
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done against friction while moving on path B will be more that on path A. If for a force the
work done depends on the path, potential energy cannot be defined for such forces. On the
other hand, if the work Wj, done by a force in going from 1 to 2 is independent of the path, it
can be expressed as the difference of a quantity that depends only on the positions x; and x, of
points 1 and 2
(Question: If the work done is independent of path, what will be the work done by the force
field when a particle comes back to its initial position? ). We write this as

%2
Wy = [ Fxydx=~Ux) + Ulx)

¥l

and call the quantity U(x) the potential energy of the particle. We now interpret this quantity.
Assume that a particle is in a force field F(x) . We now apply a force on the particle to keep it
in equilibrium and move it very-very slowly from point 1 to 2. Obviously the force applied by
us is - F(x) and the work done by us in taking the particle from 1 to 2, while maintaining its
equilibrium, is

x2
- [F(xydx= -, = Ulx,) - U(x)

¥l

Thus for a given force field, the potential energy difference U(x, ) - U(x; ) between two points
is the work done by us in moving a particle, keeping it in equilibrium, from 1 to 2 . Note that it
is the work done by us - and not by the force field - that gives the difference in the potential
energy. By definition, the work done by the force field is negative of the difference in the
potential energy. Further, it is the difference in the potential energy that is a physically
meaningful quantity. Thus is we want to define the potential energy U(x) as a function of x , we
must choose a reference point where we take the potential energy to be zero. For example in
defining the gravitational potential energy near the earth's surface, we take the ground level to
be the reference point and define the potential energy of a mass m at height h as mgh . We
could equally well take a point at height hy to be the reference point; in that case the potential
energy for the same mass at height h would be mg(h - hy ) . Let us now solve another example.

Example: A particle is restricted to move along the x-axis and is acted upon by a force
Fix)= !

x*+a*  Find its potential energy.

We first note that the force is always acting towards the positive x-direction. Thus when we
move the particle, we will have to do positive work when taking it towards the negative
direction. Thus we expect the potential energy to increase as x becomes more and more
negative. By definition
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Ulxy) = Ulx) == Fx)dx
1

]
! fx
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=tan | 2L | —tan | 22
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Now we choose our reference point. If we choose U(x; = ) = 0, the potential energy is given
as

U, (x) = g— tan ™ G]

On the other hand if we choose U(x; = 0) =0, we get

U, (x) = —tan 'l(f]

43

The two energies are shifted with respect to one another by a constant so that the difference in
the potential energy between two points is the same for both the forms, as pointed out earlier.
The potential energy is lowest for x = oo and increases as we move towards left and becomes
largest for x = - oo . This is precisely what we had anticipated above on the basis of the
meaning of potential energy

Conservation of energy: Having defined potential energy we now combine it with the work
energy theorem to come up with another very important conservation principle: that of
conservation of energy . This is obtained as follows. By the work energy theorem

1 1 %2
Emvg —Emvf =W, = JIF(:{} dx

and by definition of the potential energy
LT’;a'?lz = —UI:X:{:I + U(?ﬁ)

Combining the two equations we get
1 2 1 4
Emvj +8(x,) = Emvl + 8 ()

This equation means that if a particle moves in a force field where the work done by the force
does not depend on the path taken, the sum of its kinetic and potential energy remains
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unchanged from one point to another. The sum of the kinetic and potential energy is known as
the total mechanical energy. Thus in a force field for which the potential can be defined, total
mechanical energy is conserved. Such force fields, where the total mechanical energy is
conserved, are therefore known as conservative force fields. Thus whereas the example above
iIs a conservative force field, frictional force is not. Question: If the potential energy is
explicitly time-dependent, is the total energy conserved?

We now move on to generalize and discuss these concepts in three-dimensions.
Work and energy in three dimensions

As we already know, work is defined as the scalar product of the force and displacement

vector. Thus if a particle moves under the influence of a force field F(F) from point 1 to point
2 along the path shown below, the total work is calculated as the sum of partial work done

when the particle moves a vanishingly small distance &/ along the arrows shown below in the
figure.

1 >/\/'*

Thus the total work done in gives as

W= |EGdl
{12y

where C(12) indicates that the particle is moving along the curve C from point 1 to 2 . Writing
the dot product explicitly, we get

Wy = [P xy.2dx+ [F(xy2dy+z+ [Fny,zd
cf12) cf12) cf12)

where F; (i = x,y,z) indicates the i"" component of the force and x, y and z are varied along the
curve. Let us do an example of calculating the work in this manner in two-dimensions.
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Example: Consider two force fields (a) &%) =% +¥J and (b) £(%2) =V +27 4 the
x-y plane. Calculate the work done by these forces when a particle moves from the origin to
(1,2) along the three paths C1, C2 and C3 shown in the figure below. On C1 the particle goes
along the x-axis first and then moves parallel to the y-axis; on C2 it travels along the y-axis
first and then parallel to the x-axis and on C3 it moves along the diagonal.

(1.2)

The work done is given by the formula

Wy = [Fxy.2dn+ [ F(xy.2)dy
c{12) c{1d)

Along C1y =0, dy = 0 while moving along the x-axis whereas x = 1 and dx = 0 when the
particle travels parallel to the y-axis. Thus the work done along C1 is

1 2
Wy (CD = | B (x,p = Odx+ [ B, (x = Ly)dy
1] i}

Similarly work done along C2 is given as
2 1

Wy (C2) = [ Fy(x=0,)dy + | F,(x,y = 2)dx
i} 1]

For path C3, we have y = 2x so that dy = 2dx . Therefore we substitute y = 2x in the functions
giving the force and replace dy by 2dx . As a result, the final integration is over x only with x
varying from 0 to 1 . Thus the work done is
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Wy (C3) = | B, (xy)dn+ | Fy(x y)dy

3

]

=) N

1
F(x,y=2x)dx+ 2]3,,(;;,;: = 2x)dx
i}

We are now ready to work out the work done by force in (a) and (b) (I would like you to plot
these force fields and leave it as an exercise for you). For the force in (a) we get

1 ]

5

W (€1 = [ xdxt [ yay = >
0 1]

] 1
5
W, (C2) = | ydy+ [ xdx= 5
i] 1] .

1 1

5

W, (C3) = [ xdx+2] (2x)dx = 5
1]

]

For force (b) on the other hand we get

1 1
75 (C1) = [ ©dx+ [ (Day = 2
1]

0

W (C2) = [ Oy + [ (-2dx = -2
a 0

1 1
W, (C3) = [ (-2x)dx+2[ (m)dx = 0
0 0

Thus we see that whereas the force in (a) gives the work to be the same for all three paths, that
in (b) gives different work along the three paths. Thus the first force field may be conservative
but the second one is definitely not.

Now let us derive the work-energy theorem in three dimensions. Start from the equation of

v
FH— = F -
motion &t and take the dot product of both sides with the velocity ¥ to get
A R I
df 2
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Now integrate both sides with respect to time and use di =¥ ‘ﬁ, where 2! is the small distance

traveled by the particle in time interval dt , to get

1

Emd{ﬁ-ﬁ]:%md(vz) F

This equation tells us that when a force makes a particle move along path C from point 1 to 2,
the work done by the force equals the change in its kinetic energy. This is the work-energy
theorem in three-dimensions. It is exactly the same as in one dimension except that the work
done is calculated by moving along a three-dimensional path.

Potential energy: As is the case in one dimensional motion, potential energy in general can be
defined only if the work done is path independent. In that case, the work done depends only on
the end points of the path of travel and can be written as the difference on a quantity that is a
function of the position vector only. Thus

¥l

Wy = [ Fdl =-UFE)+UG)

|

where Y7 is defined as the potential energy. Notice that this time | have not written any
specific path but just the end points with the integral sign because the work is supposed to be
path-independent. From the definition above, it is also evident that here too the difference in

the potential energy V)~ U petween point 1 and point 2 is the work done by us in
moving a particle slowly, maintaining its equilibrium, from point 1 to point 2. Now following
the exactly same steps that we did for the one dimensional case, we show that

S U@ =2 nd +UG)

Thus when the potential energy can be defined, the total mechanical energy of a particle is
conserved . | remind you that the total mechanical energy is the sum of the kinetic and the
potential energies. In such cases the force is said to be conservative.

By now you may be wondering how can we find out whether a force is conservative or not. Do
we have to calculate the work done along all possible paths before we can say that the force is
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conservative and therefore the principle of conservation of energy holds good. That certainly
would be impossible to do. However, there is a much simpler test to check whether a force
field is conservative or not. | am going to tell you about it without giving the proof. To find out

about the conservative nature of a force #(7) , we calculate its curl VX F () defined as

VxF=

T ,-3—’| Qg e
SBF| W
b:_-t‘] R‘J| oo

Now if the curl of a force field vanishes everywhere, it is a conservative force field. On the
other hand if the curl of a force field is nonzero, it is not conservative. Let us now apply this
test to the two force fields for which we calculated the work done along different paths. For the

force field Flryl=xity; , the curl is zero everywhere. Hence it is conservative and, as we
saw with three paths, the work done in this field is indeed path independent. On the other hand,

for F{XY)==Y1+XJ the curl comes out to be 24and therefore the force is not conservative.
This was seen above where the work done along the three paths were all different. We now
solve an example where knowing the conservative nature beforehand helps us avoid an
unnecessary calculation

3
ﬁ(}:, yoz)= Az + x—}+z3ch)
Example: Take the force field given by 3 and consider a
particle moving from A to be along the semicircular path ACB (see figure below). Calculate
the difference in its kinetic energy at B and at A.

& (21
.0 B

To calculate the change in the kinetic energy of the particle as it moves from A to B, we should
calculate the work done by the force in when the particle travels along the semicircle. For this
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we should calculate

Waez = | By (xy.2=0dx+ [F,(x.y.2=0dy
[ ACE) [ACE]

with y and dy calculated from the equation of the circle (x=D*+0 -1 = 1 You should try it
and see for yourself that the integrals become really lengthy. On the other hand, if the force is
conservative, we can calculate the work done in particle moving along the diameter. The latter
calculation is much easier. Let us therefore first calculate the curl of the force. It is

: ¥ i
Sero| 2 2 P2l_g
& &
3
Axty ﬂ% Az

Thus the work done between any two points is path-independent. We therefore calculate the
work along the diameter AB. It is

ﬁ
I

Filrx,y=lz=0dx

Ny |5 ey b

Pre

-y
b

e

Il
e

i s =

Since the work done is independent of the path, it is going to be the same for the semicircular
path ACB also.

After defining the potential energy and getting the principle of conservation energy, we now
look a little more at the relationship between the potential energy and the force it gives rise to.
As a consequence we also discuss what can we learn about the motion of a particle by looking
at its potential energy curve

Learning about force and motion from the potential energy

We learnt above about how the force leads to the concept of potential energy. However, it is
the potential energy that is easier to specify than the force. The reason is very simple: force is a
vector quantity and as such in specifying it we have to give its three components as a function
of position. On the other hand, potential energy is a scalar quantity and is easier to write as a
function of position. For the same reason, many a times it is easier to calculate the potential
energy than to calculate the force, as we will see in an example below. Thus generally we give
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the potential energy of a particle to tell about the force field in which the particle is moving. In
this section we discuss what can we learn about the motion of a particle by looking at its
potential energy.

First we discuss how do we get the force from the potential energy. Let us first look at one-
dimensional case. Employing the definition of potential energy, we find that for a small
displacement 4x

dT(x)

Fiobxr=-"T{x+5x0)+ 00 (x)=— Ax

which means that the force is given by the formula

AU (x)

P =

This is the key formula relating the force to the potential energy. On the basis of this formula,
we can infer a lot about the nature of motion by looking at the potential energy curve. First if
av(x) . dUx) g

dx , then the force is towards the negative x-direction and if  dx , the force is
towards the positive x-direction. Thus the force is in the direction of decreasing U(x). What if
dv(x) _

dx ? In that case the particle in either on a maximum or a minimum of the potential
and there is no force on the particle. The particle is therefore in equilibrium. The equilibrium
will be stable one, that is the particle will come back to the equilibrium point when displaced
slightly from that point, if it is at the potential energy minimum or equivalently where

]
SU@

dx* . On the other hand at the maximum of the potential energy, the particle will rush
away from that point if it is disturbed. Thus at the potential energy maximum, where

2
U@ _,

dx* , the equilibrium is unstable. We see that a particle tends to move towards its
potential energy minimum and move away from its potential energy maximum. All these
concepts can be shown nicely with a bead moving on a smooth frictionless wire bent in the
shape of a curve with many maxima and minima and held in the vertical plane (see the figure
below). The potential energy of the bead is then proportional to the height of the curve and as
such the wire itself represents the potential energy curve in the figure below.

182



=0

dx
Force direction —=x
i A7
|'.I — q::

v ax
Force direction +x

a,

W

2
.:fUzg;a?U

— =10
ax dx?

Now with a bead sliding over the wire, you can easily check that all the points made above
about the relationship between the force on the bead and the mathematical properties of the
potential energy curve are correct. Further the minima and maxima of the curve are clearly
observed to be stable and unstable equilibrium points, respectively.

In three dimensions the equivalent of the derivative is the gradient operator. Thus the force

F(F) in two or three dimensions is given as

By = V() = — A (x,y.2) sy BU(x,y,zj}_l_ B8l (x, ¥, 2) i
ox & e

Thus the force is in the direction opposite to that of increasing U. Further, it vanishes wherever
the gradient of the potential energy is zero. Individual components of the force are given as

LA L. A .
fx v Az
Fo_9Uy 9U. U
A word of caution is needed here. o ay % does not mean that if we

transform to some other co-ordinates system (say spherical) then
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will be correct. This is not even dimensionally correct. To get the correct answer, one must
properly transform from Cartesian to polar co-ordinates. The result then is

Thus in spherical polar coordinate system, the force components are given as

o U U 1 U
or r o8 ren 8 dg

Similarly in cylindrical coordinate system the force is related to the potential energy as

F :_ﬁ;_lggﬁ_ﬂg

or r ag dz

With the individual force components
Fo U L

18U au
U S S ¥ z &

F o= and F, =———

Having given you the prescription for obtaining force from the potential energy let us now
apply it to find the field of an electric dipole using its scalar potential.

Example: As an application of finding force from the potential, let us calculate the electric
field due to a dipole.

Let the dipole be situated at the origin along the x-axis. Let the charges -q and +q be separated

by distance 2a (see figure below) so that the dipole moment is # = “4%? _Then potential and

field at any point can be calculated by adding the field due to the two charges. Adding the field
in this case becomes a bit difficult because we have to obtain three components of the field for
each charge and add them. On the other hand, finding the potential is relatively easy because it
is a scalar quantity and we obtain it by adding the potential due to two charges. Then the
gradient gives the field. In the calculation we assume that « — 0 and q is correspondingly very
large so that their product is finite. We will be using this by keeping term only linear in a and
neglecting higher orders.
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The potential (potential energy per unit charge) due the two charges is given as

ki k
U(x,y,2) = g - ?

J{x—a}+y2 +z* -J[x+a]2 +;J;2 +z°

_ kg B kg
sz +y2 +z° - Zax \,ng +y2 +z° +2ax

T

¥ .?"2 r .?"2 .?"3

(Keeping terms up to order @)

s

Now taking the gradient we get the three components of the force, which are

(xz +_;v‘2 +zz)§ 2 [xz +_;v‘2 +zz)§

_ 3kpx'  kp

5 3
F r

Similarly

185



7 - 5} kpx 3 2y Skepxy
» - T 5. s |5 3
4 (x2 +;p‘2 +22}5 2 (xz +;,;2 +zz)5 g

7= & ko ] 2pxz Spxs
== Ao T |75 T T T3
o (xg +}”2 +zz)5 2 (x2+y2+zj)§ "

Combining these results together we get for the field of the dipole

- 1 . e

BF) = k= [3(#) - 7]

I would like you to get the same result by adding the fields of the charges together and
compare the answers.

In these lectures, we have learnt: the work-energy theorem, definition of potential and its
relationship with the force field, concept of conservative forces and the principle of
conservation of energy. | leave these lectures by giving you a few exercises.

Exercise 1: Consider one-dimensional motion in a potential U(x). Show that if a particle of
mass m is displaced slightly from its equilibrium position at a potential energy minimum at X ,
it will perform simple harmonic oscillations. Find the corresponding frequency.

Exercise 2: Consider two different inertial frames moving with respect to one another with a
constant velocity. Starting from the work-energy theorem in one frame, prove that it is true in
the other frame also.

Lecture 17

Collisions

In the previous two lectures, we have seen that when many particles are interacting, there are
two conservation systems that are obeyed by them. One, if the net external force on the
particles is zero, the total angular momentum of the system remains a constant. This is
expressed mathematically as

Z}mi = 0= % m¥ = constant
d -
i Y. (=10
or — (zmlv!J

Further we saw during the motion of a many particle system, one point - its centre of mass -
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moves as if its mass M is equal to the total mass of the system and the total force

ﬁm = mei ] . ] ] . ]
i is being applied on that mass. The CM co-ordinate is defines as

Zmz}:
_ i

M

R ae

And it moves according to the equation

-

MR, =F_
B =D ﬁcm = constant . .
Thus if == then . That means if the total external force on the system is

zero, the CM moves with a constant velocity. This is another way of expressing the
conservation of linear momentum.

The other conservation principle that we saw was that of total energy. Accordingly the total
energy, which is the sum of their kinetic energy KE; and potential energy PE; , of a system of
particles remains a constant

> (KE; + PE,) = constant

i

As an example of the power of these principles, in this lecture we apply these two principles to
the problem of two particles of masses m; and m; colliding.

Before we discuss the problem of two particles colliding, we prove something very important
and useful: Kinetic energy of a system of particles is equal to the sum of the kinetic energy of
its centre of mass and kinetic energy of particles with respect to the centre of mass . By Kinetic
energy of the CM we mean its kinetic energy calculated as a point particle of the total mass
M= Zmi ﬁ

i moving with the velocity “*® of the CM. To see this, substitute in the expression
for the kinetic energy

1 2
5 ; Y

Vi =Var TVie where Y s the velocity of the CM and ¥ is the velocity of i™ particle in the

CM frame. This gives
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KE= 3 m, (ag +7,)'

1 - 1 o -
= E(ZF"’%}’EM +§Z 'Wivif' + Vg {Z. 'mivi::J

Now i is the momentum of the CM with respect to the CM and therefore proportional to

the velocity of the CM with respect to the CM. But the velocity of the CM relative to the CM is
miﬁ'c =0

zero implying that : . This immediately gives

KE = %ﬂﬁéﬂ +%Zmiﬁj§

= KE of the CM + KE about the CM

This result, that the kinetic energy of a system of particles can be decomposed into KE of the
CM and KE about the CM, is very important and useful. In a later lecture, we will see that the
same is true for the angular momentum.

The division of kinetic energy as shown above is useful in learning how energies are shared
when particles interact with each-other for short periods of time. As an example take explosion
of a bomb. Since the CM will keep on moving the same way as it was before the explosion -
because the forces generated are between the pieces of the bomb and therefore have no effect
on the total momentum of the system - the explosion does not change the kinetic energy of the
CM. Thus all the energy released in the explosion goes to the kinetic energy of the pieces of
the bomb with respect to the CM. As another example, consider two particles colliding and
getting stuck together. Since the CM keeps on moving with the same speed because of
momentum conservation, the minimum Kkinetic energy that the masses stuck together have to
have is that of the centre of mass. Thus the maximum possible energy loss in this case is the
sum of their kinetic energy relative to their CM (also called the kinetic energy in the CM
frame).

We now get back to the problem of two particles colliding. We consider two particles of
masses m; and m, coming in with velocities ¥ @9 V2 respectively, interacting in a region, and

it ) it )
then going out with velocities *1 and vy (see figure 1). This is the simplest collision problem. If
more particles are involved then the problem is going to be move complicated.
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Figure 1

Since
we assume particles interact only when they are close to each other, they are essentially free
before and after the collision. Further, the interaction region is very small; thus even if the
particles are in an external field, the potential energy remains essentially unchanged during the
collision. Thus we can write

1 4 1 4 1 . 1 .
— +§m2v§ + AR = Eml";g +§mgv2':4

2

where we have added AE on the left-hand side to take into account any addition or loss of
energy during the interaction of particles. For example if the particles generate some energy
during interaction, 4E > 0 . This will be the case when two particles release some chemical
energy. On the other hand, 4E < 0 when the particles lose energy during interaction. This is
called an inelastic collision. 4E = 0 is the case of elastic collision; here the total kinetic energy
before and after the collision is the same. If particles interact over a large region, we can take
the velocities to be in the asymptotic region, where the particles are far apart and therefore the
equations above are applicable. The discussion so far has been in terms of balancing the
energies involved during the interaction.

The other conservation principle is that of conservation of momentum. Usually during collision
the impulse due to collision (internal force if two particles are considered as one system) is
much larger than any external impulses. So we neglect it and conserve momentum. If the
external impulse comparable to the internal impulse, it must be taken into account. This could
be the case when the external force is very large or the particles interact for a long time. For the
time being though, we will focus on cases where external impulse can be neglected. Thus

-~ ~ —
BRIV TRV = RV T RV,

The two equations are actually a set of four equations with momentum conservation giving

%% and AR

three equations, one for each component. However, given , we have to solve for

—+

six quantities, three components for *1 and three for 2. Thus to solve the problem
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completely, we need more information, for example the scattering angles. In two dimensions
also, the conservation equations alone are not enough to solve the problem of finding velocities
after the collision. This is because now there will be four unknowns - two components for
velocity of each particle - but only three equation, one from the energy balance and two from
momentum conservation. Only in one dimension, we can solve the collision problem
completely because there are two equations and two unknowns. Nonetheless, we can get a lot
of information about the motion from these two conservation laws as we now discuss.

As the first example, let us consider two particles of masses m; and m; moving with velocities
v, and Yz, respectively, colliding, getting stuck together to make a particle of mass (m; +m, )

that moves with velocity ¥". In the process energy 4E is released. Then moment conservation
tells us

vy + gy = (e + oy }E?
and balancing the energy gives

%mlﬁf + % mzﬁf +AH = % {ml + 2, ]LT}E

Notice that we have added to AF to the left-hand side so that the total final kinetic energy is the
sum of the total initial kinetic energy and the energy added to the system. Substituting for ¥~

from the momentum conservation equation in the energy equation, we get

{ml + 2 }[mli;l + 2y {’Pz }2

pyvy Ve + 2hE = .
{ml + 2y ]

which on simplification gives

L oo 20E(m +my)
B -%) = -
(ml + mz)

The left-hand side of the equation above is definitely positive. On the other hand, the right-
hand side is negative if AE > 0, i.e., the final kinetic energy is larger than the initial Kinetic
energy. So this reaction will not be possible if it is exothermic, i.e., some energy is generated
and added to the initial kinetic energy. Thus two atoms colliding in free space will not combine
to form a molecule (in which process the energy is usually released). However if energy is
taken away from the system, i.e. 4E < 0, then the reaction is possible. This is the information
we have got purely on the basis of conservation laws. We now go on to discuss collisions as
described with respect to the CM. We will see that this gives us a lot of insight into the
collision problem.

As we had stated earlier, the conservation of momentum implies that the centre of mass moves
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with a constant velocity when there is no external force on the particles. Thus if we attach a
frame to the CM, it will also move with constant velocity and will be an initial frame of
reference. Let us call this the CM frame. Since it is an inertial frame, we can equally well
describe a collision process is a CM frame. Observing a collision from the CM frame gives us
the biggest advantage that the sum of the momenta (the total momentum) is always zero in this
frame. In this lecture we will be focusing on two particle collisions as described from the CM
frame. We will see that because of the total momentum being zero, description of a collision in
this frame becomes simpler. In coming lectures we will see that CM provides a convenient
origin for studying rotational motion also.

For now, let us look at the two particles collision. As stated above, in the CM frame the total
momentum is always zero because in this frame the CM does not move. So that the velocities
of two particles in the CM frame are always in the direction opposite to each other. Further the
motion remains confined to a plane formed by the lines representing the initial and the final
velocities directions (keep in mind that the velocities of the two particles at any instant are
along the same line though opposite in direction). Thus in the CM frame a collision looks as
shown in figure 2.

V1o
=+
y

—em f Bcm

—+p - -
FERY FERY
« _ Ve L L
Vag = \c— e
iy . i

A twa particle collision ocbssrved from the CM frame. Incoming
velacities are shown by unprimed symbols whereas outgoing
velocities are primed. Scattering angle is oy

Figure 2

.
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e

In figure 2 two particles with masses m; and m, and velocities “=and 2 are

coming in for a collision; they collide and particle 1 goes out with velocity ¢ and particle 2
)
et LV
i 1
with

"2 Inthe process particle 1 gets deflected by an angle Ocum. As stated earlier,

even in 2d there are four unknowns: two components of "1¢and two of “2¢'to be obtained but
only three equations- one for energy conservation and two for momentum conservation. So the
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problem cannot be solved fully by using conservation principle only. However, if the
interaction is known, then ®Ocy and both the velocities after collision can in principle be
calculated. Let us now see how much can we learn about the motion after collision applying
only the conservation principles. We will be discussing both the elastic and inelastic collisions.
Recall that if the kinetic energy remains unchanged in a collision, the collision is elastic; on the
other hand, if the energy is lost the collision is inelastic.

Let us first focus on an elastic collision and analyze it in the CM frame. As pointed out earlier,

the velocities of the two particles before and after collision are opposite to each other. Thus the
relationship between the magnitudes vic , Voc , V'ic and v'yc of the velocities is

B Vi = ¥ Vap
[ '
BhVie = ¥V

1.»?3'|22+1P?@v:4 = .=?z'|2'2+1?ﬁ'@v':4
TNV T RV = BV a T RV
2 2 2 2

f
Substituting for “2¢and “2¢ from the first two equations in the last one we get
Vg =V and  vi. = v
Thus the velocity vectors of both particles just rotate but do not change in magnitude as the
partial move out after collision. You have learnt in previous classes that in an elastic collision
the magnitude of the relative velocity of one particle with respect to the other remains
unchanged during the collision. In one dimension it means that the speed of approach of two

particles is the same as their speed of separation. Let us now see how it follows directly from
the conservation principles.

r_ '
Vi = Vi and vy,

As we have derived above, ="Yacin an elastic collision. If the velocities of

the two particles are ¥ and ‘jﬂ, respectively, in the ground frame, then
V) = Vigy + V) and ¥, = Vg, + V0

Similar relationships hold for the velocities after collision i.e.

V] = Vg + V) and Vi = Vg, + ¥,

Using these relationships we find that

192



{ﬁz _‘_’1]2 = {ﬁzc - 'I’hlcj2

2 2 — —
= Vio + Ve — 2Vy0 Vi
2 2
= Vie HVip T 20 Vi

(because ¥yn = ¥

Similarly, we have

e B v N -+t 32

{"’2 _""1] = {"":m _Vlc}
. 12 it B |
= Vyo + Ve — 2Pan Vi
=vi v 2.
= Voo TV a0 Vo

(because vi. = vja, Vhn = Vo and ¥l = =P )
Thus we see that in an elastic collision
{Vzr _Vlr] = {Vz _Vl)

We have shown that the magnitude of relative velocity of one particle with respect to other
remains the same in an elastic collision.

To see the dramatic effects of a nearly elastic collision, take a table-tennis ball (very small
mass m), put it on a large bouncy ball of mass M (M >> m) , and drop them from a height (see
figure 4) on a hard floor. You will see that the table-tennis ball bounces back really high after
the balls hit the ground. Can you work how high will it go if the balls are dropped from a
height h? Assume that no energy is lost.

Table-tennis ball

Bouncy ball

Figure 4
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Now we consider a two-particle elastic collision in a plane and analyze it. This could be the
collision of a striker and a coin on a carom board, for example. It is a two-dimensional case.
We are going to analyze the motion graphically. First we look at the velocities in the CM
frame. If we take the initial direction of particle 1 towards +x , the velocities of the two
particles before and after collision can be shown as done in figure 5. Keep in mind that in an
elastic collision, the magnitude of the velocities of each particle remains unchanged in the CM
frame. However the direction of the velocity for each particle changes by an angle Gcwm. as
shown in figure 5.

]
3
=

Velacities af twa colliding particles before and after collision as seen in the CM frame

Figure 5

The picture above shows the angle of scattering in the CM frame. However experiments are
done on ground - and not in the CM frame. So we should be answering the question: by what

angle 6,4, does particle 1 scatter in the laboratory frame? Since velocities Y1and Y1in the lab

= Vigg +Vie and vy = Vg

frame are given as Ve , the relationship between these velocities

can be shown as done in figure 6.
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Velacities of particie | bafore and afier collision as ssen in the CM and the iab frame.

Figure 6

From figure 6, it is now very easy to see that

e
Vi it O,

tan &,,, = o )
Vg T Vo D95 o

Vi st Oy

Vg TV CosE 5
B sty & g

B Ve V1) Feos® g,

Similar relationships can also be derived for particle 2. Now if particle 2 was at rest when hit
by particle 1, then

Y FERE
Vigy = 11 and v = 41
e +ﬁ-?2:4 e +ﬁ-?2:4
This gives

sin &

tan &, =
M Ve (22, [, ) +oos@

Let us now look at two cases: m; > my and m; < m, . In the case of m; > m; , 6i5, cannot be
greater than a particular angle 6max. This can be either calculated by using the expression above
or alternatively, graphically as we do. For m; > m, we also have veum >Vvic . Thus a picture
showing the velocities in the laboratory and the CM frame looks like that in figure 7.
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Deflection angle of particle 1 in the lab frame is maximum when velocities v| and Vi are

perpendiciiar.

Figure 7

It is clear from figure 7 that the deflection angle of particle 1, when hitting another particle of
it
smaller mass, increases as Gcy increases from zero. It is maximum when the velocities *1 and

—t i
Vi gre perpendicular. If Yi¢is rotates beyond this angle, deflection starts becoming smaller.
Thus fmax 1s given by the formula

s, =—=—"=—=

It is clear from the expression above that when a particle hits a lighter particle at rest, it is
deflected by a small angle. This is reasonable as a light particle can hardy deflect a heavier
particle. Thus the heavier particle keeps on moving forward even after the collision. On the
other hand, there is no restriction on the scattering angle when a light particle hits a heavier
particle at rest i.e. my < m; . In this case vcm < vic and therefore the graphical representation of
different velocities is as shown in figure 8.
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Deflection angle of particle I in the lab can take any value when mp<ms.

Figure 8

It is clear from the figure that as @cy increases, so does Giqp. In this situation, however, there is
no restriction on the value that )4, can take as @cu sweeps angles from 0 to 2z .

So far we have focused on elastic collisions only and could learn a great deal about them from
conservation laws for momentum and energy. Such general conclusions are difficult to draw
for inelastic collisions. As discussed in the beginning of this lecture, for inelastic collisions, we
can definitely say that the maximum possible loss of energy is equal to the kinetic energy of
particles in their CM frame. This would occur when the colliding particles get stuck together so
that their kinetic energy after collision is zero in the CM frame. This concludes our lecture on
collisions as analyzed using conservation laws.

Lecture 18
Rotational dynamics I: Angular momentum

So far we have applied Newton's laws to point particles and the CM motion for a collection of
particles. We are now going to look at what happens beyond the motion of the CM, which is
described by the equation

Let us see what else could happen to a body made up of a collection of particles where forces
are applied at each point (figure 1). The particles are connected with flexible attachments
shown as lines.
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Listartion af a callection of particles connecied with
each ather maving under force an each particle.

Figure 1

In the figure above, although the CM moves with M , the body itself could deform
and change its orientation. Thus the distances between the particles and the angles between
lines joining them would change. This is the most general motion that could take place. In the
next few lectures we want to focus only one of the effects of the force applied. We are going to
assume that a body only changes its orientation but does not deform. This is achieved by
keeping the distance between any two particles of the body unchanged. Such a body is known
as a rigid body . Thus in the example above, if we connect all the particles with each other by
rods of fixed length, the body will become rigid. This is shown in figure 2.

A body is rigid if the dictance between any of itz bwo
particies remains unchanged.

Figure 2

The only possible motion of such a body is a translation plus a change in its orientation. The
simplest example of a rigid body is two masses attached at the ends of a rod of fixed length. On
the other hand, a tin-can partially filled with sand is not a rigid body since the distance between
two particles keeps on changing with the motion of the can.

198



As stated above, the most general motion of a rigid body is its translation plus its change of
orientation. The latter is equivalent to a rotation about a point. The beauty of this
decomposition is that to get the final position of the body, we can translate any point in the
body and then rotate the body about that point. Irrespective of which point we choose, the
sense and the angle of rotation is always the same. Usually this point is taken to be the CM for
reasons that will become clear later lectures. This general motion is shown below in figure 3,
giving two possible ways of translating and rotating the body.

ratation transintion

.
>
-
-
L
o
LA —.

rofaiion

The most general motion af a rigid body is its translation plus a rotation.
Twao such possible ways giving the same final orientation are showsn. in
bath cases the sense and angle of rotation are the same

Figure 3

You see that in figure 3 the rigid body has translated and also rotated. On the other hand, if we
keep one of the points on the body fixed the only thing the body can do is to change its
orientation (see figure 4). Thus with a point fixed, the only possible motion of a rigid body is a
rotation.

m.ﬁa.ﬁmn‘_w

Fixed point ___~-

The only possible motion of a rigid body with one of its poinis fixed is a roiation.

Figure 4

A question that arises now is how many variables do we need to specify the general motion of
a rigid body. It requires three variables - x, y and z coordinates of the point that is translated -
to describe the translation, and three more - angle of rotation about each axis - to represent the
rotation. You can see that in general a rigid body would require six variables to describe its
motion. However, if one of its points is fixed, three variables are sufficient to specify its
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rotation. So we conclude a rigid body needs six parameters to describe its motion.

For simplicity, in the beginning we are going to focus on rigid moving with its one point fixed.
Thus it will change only by changing its orientation. We will further simplify the problem by
considering rotation about an axis fixed in space. In the next step, we will allow the axis to
translate but without changing its orientation. Finally we will also let the orientation of the axis
change. Thus we will increase the complexity of the problem gradually.

Dynamics of rigid body: The dynamics of a rigid body is best described by considering its
angular momentum. You can think of angular momentum as the rotational counter part of
linear momentum. This quantity is central to describing rotational motion of a rigid body. So
let us first spend some time in understanding this quantity. Although we are introducing
angular momentum here in the context of rigid bodies, the treatment below is quite general.

For a single particle moving with linear momentum # at a distance 7 from the origin the
angular momentum £ is defined as

L=Fxp

You can immediately see that it is an origin-dependent quantity. If we calculate it with respect
to some other point, it will come out to be different. If a particle of mass m is moving in a plane
then using the polar coordinates for it, it is easily shown that its angular momentum is

L= mrigs

below.

. Let us now find out what is the rate of change of angular moment? It is calculated

d—z—i(Fx )
ar art F
cft ft

d—r=5,§:nﬁand—:F .
With ¢ df , where & is the force on the particle, the equation above is

simplified to

dr.

S xF= T (forgue)
ot

Thus rate of change of angular momentum is equal to the torque applied on the body. From the
equation above, the law of conservation of angular momentum follows immediately: If the

applied torque T=0the angular momentum L does not change, i.e. it is a constant. The
equation
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dl .
_=T
Peh

is the angular momentum equivalent of Newton ‘s 11" law. Let us now illustrate the ideas
presented so far with the example of a conical pendulum.

Example 1: A conical pendulum is like the regular pendulum with a light (mass m = 0 ) rigid
rod carrying a bob of mass m at one of its ends. The other end is fixed and the bob moves in a
circle with speed v (see figure 6). We wish to calculate the tension in the rod and the angle 4 it
makes from the vertical by applying the angular momentum-torque equation.

\;
e

A conical penduim

ol

Figure 6

Let us first calculate angular momentum about point O . We will use cylindrical co-ordinates
because of the symmetry of the problem. With respect to O

Folsin8F-lcosds and V=vd
_PD ]
= m(lsin 87 —Icos 85 xvi

=mviam 88+ vl cos 8F

The Lo vector looks as shown in figure 7, when the bob of the pendulum is in the paper plane.
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prvisim 851

prvlcos 8F

The angular momenium and its components
Jar a conical pendiulim

Figure 7

So the angular momentum Lis perpendicular to the rod (take the dot product with
F=ism 87 —Icos 82 for mass m and see for yourself) and as the particle rotates the horizontal

component of Z are rotates with it and the vertical component remains a constant. Let us now
apply the equation

dl, .
—_=T
deC
We have
dly = i[mvf sit 82 + vl cos 8F)
dt dt
= mvicmsﬂ%?
£
= mv.ﬂ’casﬂ;ﬁ;ﬁ
= mvicos 8 x — 3
{ain &
= coté‘;ﬁ

We now calculate the torque acting on the pendulum. There are two forces, the tension T and

the weight W = —mgk , acting on the particle as shown in figure 8.
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Haorces acting on the mass m af the conical pendulim

Figure 8

But 7 passes through O and does not give any torque. Thus

Ty =(lsin 8F - cos 8F) < mg(—£)

=mgisin 5‘-;5

dl, .
—_— = TD
Substituting these in the angular momentum-torque equation then gives

2
Y o tan &sin &
=f

The angular momentum-torque equation therefore gives us the angle 6 that the pendulum
makes with the vertical. How do we find the tension T ? On the other hand, applying Newton 's
second Law we get

2
TrosB=mg and Tan = F?_w
{ain &
giving
# v
T="% aud tan&sin8="
cos & gi
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- = TO
These equations give us both T and 6, but the equation @ gives only the angular
relationship. Does this mean that the angular-momentum torque equation is not equivalent to
Newton 's second law? The answer is that it is. It so happens that in applying the equation
about O, when cross products © 7 29 7 X F are taken some components of the force do not
contribute to the torque and drop out of the equation. For example in this case # *7 becomes

dl 2

zero. To get full solution, therefore, we now apply about point A. Taking A as the
origin we have

F=lsin 87 and V=vg

g =l GFxvg

= mvisin 97

-

Since all the quantities in Laare constants, we have
. dlL,
T,=—=2=10

4T

Let us calculate the torque Taabout A. With A as the origin, the forces are given as
T =—Tsin 8F+Tcos85 and mg = —mg?
Therefore

T, =lsin 8Fx{-Tsin 87+ (Tcos 8 —mg) }5=0
= (Tcos8-mg)sin 5‘.;5: 0

which gives
T="2
cos &
L
Thus applying < about two different points gives exactly the same solution as that
®_5
obtained from . Thus the two ways of solving the problem are equivalent. Through this

example | have shown you (a) the origin dependence of L and f, and (b) equivalence of
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Let me now illustrate conservation of angular momentum by a well known example: that of
Kepler's Law of equal area concept in equal time. Accordingly, when planets are going around
the sun, the rate at which their position vector from the sun sweeps the area is a constant.
Recall from the lecture on polar coordinates that for a particle moving under a radial force, we

2
had obtained that ” ?is a constant. This is nothing but two times the rate of area sweep by the
radius vector. We now want to get this law from the conservation of angular momentum.

For a planet, we know that the force is in redial direction. So that the torque

F=FxF=0
Thus
dl . .
— =T=10 or L =constant
eft
T 5 NI PO
Since L= mrf XV =mrF X (7R +rdf) =mr B2 o constancy means

rz-;af' = constant
which is Kepler's second law.

il .

—_— =T
After this initial demonstration of with a single particle, we move on to a system of
many particles. It is really a system of many particles that we are dealing with in rigid-body

dynamics.

Angular Momentum of a collection of particles: If there are many particles then the total

angular momentum L about a point O is the sum of individual angular momenta of each
particle about O . Thus

Py
= Zmz’;: B

As for the angular momentum of a single particle, the angular momentum of a many-particle
system is also origin-dependent. (Question: Under what conditions will the angular momentum
be independent of the origin?)
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Now recall that the kinetic energy for a collection of particles is the sum of the kinetic energy
of their centre of mass (CM) and the kinetic energy of particles with respect to the CM.
Interestingly the angular momentum of a many-particle system can be expressed in the same
manner. Thus the total angular momentum of a collection of particles is equal to the angular
momentum of the CM plus the angular momentum of particles about the CM. Let us now
prove it. To do so express the position vector and the velocity of a particle as

Ty =Pege The and ¥ =V HVia

where e« 9 Ve refer to the position and velocity of the CM and ": @4 Vic the position and

velocity of i™ particle with respect to the CM. Now the total angular momentum can be writes
as

L= Z.mi':;w +';;C':| X(Gw +‘_;ic:'

= (Zmi]Fw % Vegy + oy K(Zmiﬁ-c]
2

+ (ZmzﬁcJ K Vg +Zmi?€c X Vi
i i

(Zmiﬁc] =0 and {Zmﬂ_’:c] =0
However, by definition of the CM, * ! ! . Therefore the second
and the last term in the expression above do not contribute. The remaining terms are written as

—+

L= [Zmi]rm X Vg +Zmiric X Vi
i ;

= MFrgy %V gy +Zmiricxvic
:

Il
-1y

R + Lﬂbmtlﬁm

where M is the total mass of the system. This is a remarkable result, and as we will see,
facilitates calculations involving rigid-body dynamics a lot. Keep in mind though that this
result is true only with for the CM. For an arbitrary point O' in the body, we cannot write

—+ -+ -

L= Lo' +L.::E:Ioufo'

— - —

because L= Lot + Lasouecns depends explicitly on the definition of the CM. We will later use
this fact to obtain the parallel axis theorem that you may have learnt in your previous classes.
The theorem is similar to the transfer theorem of the second-moment of an area.
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The relationship L= Lot T Lapourcas also tells us that if the total momentum of a system of
particles is zero, its angular momentum will be independent of the origin. I leave the simple
proof for you to work out.

Example: Take a bicycle wheel of radius R rolling along the ground and assume all its mass M

Is concentrated along the rim. If it is rolling without slipping then its motion is as follows: its

CM moves with speed V along a straight line and the wheel rotates about the CM with angular
¥

0= —
speed & 5o that the point on ground is at rest. We want to find its angular momentum in a
frame stuck to the ground such that the wheel is moving along its x-axis see figure 9).

A Bicvele wheel rolling along the ground

Figure 9

The angular momentum of the wheel about its CM is given as

Emu:rcm = (Z miJRV
= MRV
So angular momentum about the origin O, (see figure 9) would be

= MRV +angular momentumai CM about O
= MRV + MRV
= 2MREV

On the other hand, if we were to calculate the angular momentum about O, (see figure 9) it
would come out to be

= MRV +angular momentumaf CM about O,
= MRV + M{(E+a)l
= 2MEV + MRz
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Notice that in both the cases we have added the angular momentum of the CM and that about
the CM. It is because their directions come out to be the same (negative z direction). One must
be careful about these things because angular momentum is a vector quantity. Having
introduced you to the concept of angular momentum, I now discuss about the rate of its change
for a many-particle system where the particles are interacting with each other also.

dL
Dynamic of a rigid body; @ and conservation of angular momentum: Let us now look at
di.
d¢ in the case of a collection of particles which are interacting with each other and are also
being acted upon by external forces.

di. d
F; X‘P
PRIk
v+
But @ z( fis the total force, i.e. the sum of external and internal forces on the

particle). This gives

dL .
= Fow
» ?: k

Before simplifying this equation in terms of the external torque, let us see where does this
equation lead us for a two particle system shown in figure 10?

flE 2 ;
fl@xf Hﬁp%
fEl

A fwao particle system with particles interacting with each ather and
are alse being acted upon by external forces

Figure 10
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The two particles 1 and 2 shown in figure 10 are external forces Jiew 204 fﬂm, respectively.
They also interact with each other with particle 2 applying a force Ja on particle 1 and particle
1 applying a force fﬂlon particle 2. We assume the forces to be following Newton 's 111" law
so that 721 = ~/12_ Now the rate of change for this system can be written as
T S S R
I ARy F 020+ 7 % foe +721)

=A% g F 5 K e TR X +F3 %
R i T 7 % fom T — 7 )%

T+ = 5 )%

Thus the rate of change of angular momentum is equal to only the external torque if

(-7 )% A = Oor J12 11 =72) j . the force between the particles is along the line joining
them. At this point | would like you to recall that in the case of linear momentum, the rate of

dF = Lo -
i . _szm:mﬂF’ff12=_f21
change on linear momentum equals the total external force, i.e. .
dl
=T

NP f " " FoNG =7y,
For angular momentum to satisfy &t = , the additional condition of Jia 1= 720 is also
needed. Fortunately for most of the mechanical applications this is true. Let us now generalize
this to the case of a many-particle system. For such a system

ar, T
[E— A
" >R R,

= XA e+ X T 1y
i i fafmi
Recall the trick used in the case of linear momentum that

S -2,
iil. 1 Eﬁj

H

so that
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Under these conditions, i.e. if the force between the particles is along the line joining them , we
get

L -
F -0 — =0 =1 = constant
Thus if “=t =~ then & . Thus is the law of conservation of total angular

momentum. In the next lecture we will do a few example of its application.

We now conclude this lecture by listing the following points that we have learnt:

1. A rigid body needs six parameters to describe its general motion; three for translation
and three for rotation,

2. Dynamics of rigid body is governed by its angular momentum,

3. The angular momentum satisfies the equation

dL _ ..
e
under the condition that the internal forces satisfy Newton 's 111" law and an additional

Fo G -7)

condition that
4. L= -'Lcm + Lm.u:rcm

Lecture 19
Rotational dynamics I1: Rotation about a fixed axis

We saw in the previous lecture on rigid bodies that a rigid body in general requires six
parameters to describe its motion, and the dynamic of a rigid body is determined through its
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dl .
angular momentum £ that satisfies the equation & = , where “exfis the applied torque on

the body. Further, Text =0 means that Z is a constant.

In this lecture | start with an example of the conservation of angular momentum involving two
particles. | again show that a direct application of Newton 's laws and a solution through the
conservation of angular momentum give the same answer.

Example 1: There is a rigid massless rod of length b held at point O carrying a mass m; at its
other end. Let the y-coordinate of m, be a. Another mass m; comes parallel to the x-axis and
hits m, and the two masses get stuck together (see figure 1). Question is at what speed will the
rod rotate?

T
tmy - e
o e P
- -
b '
i a
- |
al I
] v %
)
Figure 1

Let us apply the conservation of angular momentum to the system of two masses about point
O. This is because the only external force acts at O so the torque about O is zero and therefore
the angular momentum about O is conserved. Since the particles are moving in the xy plane,
their angular momentum is going to be in the z direction. So we write the unit vector explicitly
and work in terms of numbers (both positive and negative) only. Assume that the angular
velocity of the rod after the mass m; gets stuck with it is ®. To apply angular momentum
conservation we calculate the angular momentum of the system before and after collision and
equate them.

Initial angular momentum about O = m; va
Final angular momentum = (m; + m )b?

Equating the two gives
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- (72 +m2:'~'52

Let us now see if the conventional force analysis also gives the same answer. The incoming
mass m; comes in with momentum mjv. Now after m, is hit, it cannot have any movement
parallel to the rod because the rod is rigid, i.e. the rod is capable of generating enough tension
(impulse) in it to make the component of momentum parallel to the rod zero. On the other
hand, there is no force perpendicular to the rod so the momentum component p _Lin that
direction remains unchanged after the hit. Now

Vi

P, =myven 8=

After the masses get stuck together, p LLremains the same. Thus the new speed v' acquired by
the masses will be such that

. v . Vi
(20, +om, v = of ¥V=————
& (22 + o2, )0
This gives
v’ R
@M=—=

b (i g )0

which is the same as obtained by angular momentum conservation. Thus again showing the
equivalence of the two methods.

With all this preparation, let us now start with the simplest motion of a rigid body that is the
rotation of a rigid body about an axis fixed in space. So the axis is neither translating nor
rotating. Without any loss of generality, let us call this axis the z-axis. In this case the body has
only one degree of freedom and the only variable that we need to describe the motion of the
body is the angle of rotation about the axis. Further, the only relevant component of angular
momentum in this case is the component along the z-axis. Note that there may be other
components of angular momentum but their change is accounted for by torques applied on the
axis to keep it fixed in space. Calculation of such torques will be discussed in later lectures.
Suffices here is to say that these torques arise out of the constraint forces that enforce the
constraint of the axis being fixed in space.

Shown in figure 2 is a rigid body rotating about the z-axis with an angular speed ®. Also
shown there is the position and velocity vector of one of its constituent particles of mass m; in a
plane perpendicular to the rotation axis. We wish to calculate the z component of the angular
momentum.
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A rigid body roefating about the z-axis fleft) and the pasifion and valacity vectars
af a point in it fright) chown in the plane perpendicular to the z-axis

Figure 2

The z component will be given as
Ly = Zmz I:F‘: x"_;z':'z = Zmi(x;' Vi — ¥ V;'x)

For a particle at distance p; from the z-axis and its radius vector making an angle @; from the x-
axis

Xy = 0 cos Vyp = @0 sin
y; =2 sm g Vy = @0 cos

so that

Lz= (Z}_,‘.mwﬁ]m

.= (Z mipig]
Calling ! the moment of inertial about the rotation axis, we can write

Depending on the direction of ®, angular momentum about an axis could have negative or
positive values because it is a vector quantity. The convention we take is the right-hand
convention; Let the thumb of one’s right hand point in the positive z direction; if the rotation of
the body is in the same (opposite) direction as the fingers, w is positive (negative).

Having defined the moment of inertia about an axis, we make a few comments on it. First thing
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we notice about it is that it depends on the perpendicular distance of point masses from the axis
of rotation. So no matter where we take the origin of the coordinate system, the moment of
inertia of a rigid body about an axis is always going to be the same. Secondly, for continuously
distribute mass moment of inertia is calculated as the integral

I = [ o dm

where p is the perpendicular distance of a small mass element dm taken in the body (see figure
3).

A small mass element dm in a rigd body at a distance
2 from the axis af rotation

Figure 3
Finally, for planar objects the moment of inertia is the same as the second moment of an area
except that the area is replaced by the mass.
We now calculate moment of inertia of some objects.

A rod at an angle from the axis of rotation passing through its centre: This is shown in
figure 4. The length of the rod is | and its mass m . It is at an angle & from the axis of rotation.
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A rod af an angle from the axis of rotation

Figure 4

We take a small mass element of length ds at a distance s from the origin. It is at a distance
£ =55 & grom the axis of rotation. Then

1= c*dm
22 ”
= _[ & sin 25‘?:1’.9

mi?

Thus for a rod rotating about its perpendicular passing through its centre is 12 .

Exercise: Calculate the moment of inertia of a disc rotating about an axis passing through its
centre and perpendicular to it.

Moment of inertia of disc about one of its diameters: Shown in figure 5 is a disc of mass M
and radius R rotating about its diameter which lies on the y-axis.
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A dise rotaiing about its diameter

Figure 5

To calculate the moment of inertia | take a strip of lengths width dx at distance x from the y-

M 2y dx

i =
TR

axis, the axis of rotation. Its mass is

(see figure 5). Thus

I= ngdm

2

= -I-xj Mg 2vdx
Y. AR

2

= j;i Ixz*-.n'f?.g —x dx

=R

The integration can be carried out easily by substituting * = Keos# gnd gives

_ MR?
4

iy

Moment of inertia of a sphere about one of its diameters: A sphere of mass M and radius R
is shown in figure 6. To calculate its moment of inertia, we take a cylindrical shell of radius p
and thickness dp (see figure 6). The mass of this shell is given by
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A sphere rotating about itz diameter

Figure &

Therefore the moment of inertia is
3 %
I= _I-,ngm = ?Ip34aﬂg —pjd,c}
0

By substituting © = R '3055', this is an easy integral to perform and gives the result

f:EMRﬂ
5

Let us now recapture what we have done so far. We have looked at the angular momentum of
a body rotating about a fixed axis. We find that angular momentum Lz about an axis (denoted
as the z-axis) is given as Ly = I; w and, depending upon the sense of rotation, can take positive
as well as negative values. We have also calculated Iz for some standard objects about an axis.
We now go on to study the equation of motion satisfied by Lz . The equation satisfied by L7 is

ar,
L T
i -
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where ®zis the component of the external torque along the axis of rotation. If the external

torque is zero, the angular momentum is conserved. You can observe the effect of conservation
of angular momentum easily at home.

Sit on a revolving chair holding a brick (or something similar) in each of your hands and keep
your arms stretched. Start revolving the chair and then pull your arms in. You will observe that
you start revolving much faster. This happens because when you pull the arms in, the masses
that you are holding come closer to the axis of rotation resulting in a reduction in the value of
the moment of inertia. However, since there is no external torque on the system, the angular
momentum cannot change. Thus if the moment of inertia decreases, the angular speed must
increase in order to keep L = I constant. This is precisely what you observe. You should also
repeat the experiment holding different weights. When do you observe the rotational speed to
increase the largest? Let us now solve an example of applying the angular momentum
conservation principle.

Example: A man starts walking on the edge of a circular platform with a speed v with respect
to the platform (see figure 7). The platform is free to rotate. What is the rotational speed of the
platform? Mass of the platform is M , its radius is R and the mass of the manism .

A man of mass m wallks on the edge of a circular platform of mass
M and radius B the platfarm in turn starts roiating.

Figure 7

Since there is no external torque, the angular momentum of the system about the axis of
rotation must be conserved. Thus as the man starts walking, the platform starts rotating the
other way. Since the speed of man with respect to the platform is v , his speed in the ground
frame would be (v— wR) . Thus the angular momentum of the man is

mREv— @R

At the same time, the angular momentum of the platform is
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where the minus sign shows that the angular momentum of the platform is in the direction
opposite to that of the man's angular momentum. By conservation of angular momentum

mR(v— mﬂ)—%MR%: 0

which gives
v/ R
(2
2

Having learnt about the angular momentum, its equation of motion and the conservation of
angular momentum for rotations about a fixed axis, we now discuss the kinetic energy and the
work-energy theorem for a rigid body rotating with angular speed w about a fixed axis.

it =

Kinetic energy and work-energy theorem for a rigid-body rotating about a fixed axis: The
kinetic energy of a rigid body rotating with angular speed ® is obtained by calculating the
energy of small mass element in the body and adding it up. This mass element is rotating in a
plane perpendicular to the axis of rotation. This gives (using the notation of figure 2)

KR = %Z mjvf

o[z

= lfa:r:‘

The corresponding work-energy theorem for the motion considered here is that the change in
kinetic energy is equal to the work done on the body. Let us first calculate the work done on a
body, which can only rotate about an axis, when an external force is applied on it. To do this, |
would first like you to prove a result (look at figure 2 for reference): when a body rotates by an

angle 46 about an axis in the unit vector direction #, the corresponding change in position of a

particle in the body at position vector g IS
AF = (Bx FING

—+

The total work done on the body by a net external force composed of forces T acting at each
point is
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, We can write the work done as

where 77 is the component of the external torque along the axis of rotation. Thus the total work
done is

W= [1,d8
Now the work energy theorem can be expressed as follows:

AK B =[1;d8

This pretty much concludes what all 1 have to say about the rotations about a fixed axis. One
question that may be asked at this point is: Why is it what describing dynamics in term of
angular momentum, torque etcetera rather than momentum and force is more useful in
discussing rotational motion. This is because in rotational motion, force, momenta etcetera are
distributed and taking their moments by considering the angular momenta and torques
automatically takes care of this distribution. We conclude this lecture by drawing a comparison
between linear and rotational motion about a fixed axis.

Linear motion Rotational motion about a fixed axis

Momentum p Angular momentum L
dt dt
Fdi = A Tdi = AL
Impulse -[ v Impulse -[
EE = Lot EE=1ig
2 2

AEE = j Fax A E = IT.::E'&F
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This correspondence will help in understanding and getting relationships to solve most of the
problems involving rotations about a fixed axis, particularly if you have solved many problems
involving linear momentum.

Rigid body dynamics I11: Rotation and Translation

We have seen in the past two lectures how do we go about solving the rigid body dynamics
problem by considering the rate of change of angular momentum. In the previous lecture, we
concentrated on rotation about a fixed axis and solved problems involving conservation of
angular momentum about that axis. In this lecture we consider what happens where an external
torque is applied and also when the axis is allowed to translate parallel to itself.

Let us first take the case when the axis is stationary and a torque is applied. Take for instance
your pen or a scale and hold it lightly at one of its ends so as to pivot it there. Raise the other
end so that the scale is horizontal and then leave it. You will see that the scale swings down. |
would like to calculate the speed of its CM when the scale is vertical after being released from
horizontal position (see figure 1). Assume that there is no loss due to friction. In this case | will
solve this problem in two ways and also comment on a wrong way.

A seale pivoted at ane end and released fram harizontal position swings down

Figure 1

| take the mass of the scale to be m and its length I. Then its moment of inertia about one of its
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ends is 3

| first solve the problem using energy conservation. Since there is no loss due to friction the
total mechanical energy is conserved. Therefore the total mechanical energy is conserved. Let
us take the potential energy to be zero when the scale is horizontal. Since the scale starts with
zero initial angular speed, its total mechanical energy is zero. When the scale reaches the

vertical position, its CM has moved down by a distance iz so its potential energy is mglf2
If its angular speed at that position is ®, then by conservation of energy

2 2
which gives

3
m: _g
{

I now solve the problem by a direct application of torque equation. When the scale makes an
angle 0 from the horizontal (see figure 2), the torque on it is given as

i
T:ﬁcosﬂ

mg

Figure 2

The angular momentum-torque equation then gives
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i 2

g
= —
Substituting d¢ and the value of | from above this leads to
‘8 3g

— = “cosd
i 2

This equation cannot be integrated with respect to time directly. Recall from the proof of work-
energy theorem that in such situations we change transform the equation to write it in terms of
the displacement variable, which is the angle in this case. So we write

d*9 _d [.:;!".E‘J_ dai(da]_ 1d (57

di* di\dt) ditdd\de) 248
to write the equation above as

2
l—d&] = 3—gE'CD'S

= g
2 d8 2

Integrating this equation then gives

5;,2_35

="z &

For &= 72 this gives the same answer as obtained earlier. If you have noticed, what we have
done here is actually used the work-energy theorem

You may ask at this point: wouldn't the correct way of solving this problem be to equate the
kinetic energy of the CM to the change in the potential energy. This would lead to

The reason why this answer is incorrect is the following. Recall from our previous lecture that
the most general motion of a rigid body is a translation plus a rotation. So while it is true that
the CM is moving, the scale is also rotating at the same time. We represent the combination of
the two motions as a translation of the CM and a rotation about an axis passing through the
CM. Why we split the motion of the scale as a combination of the translation of its CM and a
rotation about the CM - and not that of any other point in the body - will be discussed in detail
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below. For now it is sufficient to say that by doing so the Kkinetic energy can be written
conveniently as (KE of the CM plus KE about the CM). So the true K.E of the scale is

1
et T
5 Ve T o

_m.-:':4

where e IS the moment of inertia about the CM. Using the relationship

2 this gives the same kinetic energy as that used above in applying the energy
conservation method. This correct approach then gives the same answer as obtained above.

An interesting problem related to the one solved above is as follows. Sometimes if a book you
are holding slips out your hand, it usually falls with its upper face down (see figure 3). You can
try this at home and see for yourself. In fact there is an interesting book which has a title based
on this observation. It is entitled "Why toast lands jelly side down" and is authored by Robert
Ehrlich (Universities press, Hyderabad 1999). Let us try to understand this observation.

A book falling down affer slipping out of one & hand. Notice that
the centre af the hook is shown fo be coming down in a straight line
wihile the book rotates at a constani angular speed. .

Figure 3

When the book falls its angular acceleration o immediately after it slips off the hand is
calculated approximately as given below
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Here m is the mass of the book and I its length. I call it an approximate expression because in
our calculation we have assumed the book to be in horizontal position. It will slip off when

tan& =4 o1 for small angles 0 ~ u, where m is the coefficient of friction between the book
and the hand. Starting with zero initial angular speed, let the angular speed of the book when it
slips out of the hand be ® . Then

$=JR2ad = ?)’?—g

Taking = 0.5, g = 10ms 2 and | = 20cm = 0.2m , we get
o=87rads?!

After the book has come out of the hands, there is no external torque on it about its CM so it
falls rotating with a constant angular speed of about 8.7rad s™*. Keep in mind that the sense and
amount of rotation of a rigid body is the same irrespective of the point about which its rotation
is considered. So although before slipping out of the hand, I did the calculation for its angular
speed taking its edge on the hand as the axis, after it comes out of the hand, | consider its
motion as the translation of its CM and rotation about its CM. Let us stake a typical height of
about 1m from which the book falls. Then the time it takes to reach the ground is

t= % =045z
g

Thus the angle through which the book rotates by the time it reaches the ground is

=t =07=045=30%qd = 2257

If we add to this angle the initial rotation of 6 = p = 0.5, the angle increases to about 250°. The
angle of rotation of course varies in a range but it is around 180°.You see that the book has just
the right angular speed and the time of fall for it to turn by around 180°. That is precisely what
we observe.

Rotation of a rigid body combined with translation of the axis parallel to itself:
Let us now introduce translation of the rotational axis parallel to itself - it may even accelerate
- and ask what kind on motion is going to follow. So for example there may be a rod on a
horizontal table and is hit by an impulse one end, and we may be interested in its subsequent
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motion. I general it could be a rigid body of general shape on which we apply a force. We split
the motion into a translation of the CM of the body and rotation about an axis passing through
the CM. By doing so the equation of motion for the translational motion of the CM is very
easy. Itis

&P opa =
s =May, = applied

Here ¥ ¢js the total momentum of the body; M is its mass; ¢ the acceleration of the CM

—+

and Fﬂpphﬂdthe total applied force. With this equation we know how the CM of the body
translates. Next we wish to find the rotation of the body with respect to an axis passing through
the CM (recall that the most general motion of a rigid body is translation of a point and rotation
about that point). But the question is: can we apply

AL g
Y = Tczpph'ed, i

T i
where L s the angular momentum about the CM and  ZF#45M is the applied torque

about the axis of rotation passing through the CM. | raise this question because in general the
CM will also be accelerating and therefore with respect to the CM, there will be a fictitious
force that may also give rise to a fictitious torque which is in addition to the applied torque

Capplied CM . However, it is easy to see that such a fictitious torque about the CM will always
be zero. This is because the fictitious force effectively acts at the CM itself. Because of this
reason, there is one more point about which the torque due to the fictitious force vanishes: this
is the point that accelerates towards the CM. Thus the equation above can be applied safely
about these two points. There is also a third point about which the above equation is valid. This
is the point that does not accelerate at all. Let me now prove these statements.
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A rigid body that is both transiating and rofating. Two poinis in
the bady are shovwan by J and i

Figure 4

Shown in figure 4 is a rigid body performing a general motion, i.e. it is both translating as well
as rotating. For convenience we have shown the body in two dimensions. Two points J and i of
the body are also shown. These points are also moving with the body. We now calculate the
rate of change of the angular momentum about point J . This is done below.

—+

L= Emiy xvy

dL | .
= Z LT x kit 13
d T

= MyTyy X dy

where all the terms have their standard meaning and the subscript (iJ) denotes the quantity
being calculated for point i with respect to point J . Denoting the velocity and acceleration of

—

point i about the origin O as ¥+ 24 % respectively, and that of J as ** @4 1 e have

5:'J=£(ﬁi V) =& —d; and ﬁ:Zmi(ﬁchﬁ}— Zmiﬁ; ®d;
ot i i i
miaz' = .ﬂ-,apph‘gd and Z””‘%;’;J = MR, 1 7
With , Where “"“.Tis the position vector of the CM

with respect to J , we get

E = ; 'ri..T xufj,dpph’gd - MRC’M.J xa’J

= Topplied ~ MRenas ¥ d;
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If we want the rate of change of the angular momentum to depend only on the applied torque
calculated about J, we should have

—

MRoyegxd; =0
That will happen under the following three conditions:

(Iy &, =0, ie T iz moving uniformly,
(I, || jécm,,r .1e Jis accelerating towards the T,
(fﬂ}ﬁmJ =0, 1e pomt Tz the T

I have just shown you that irrespective of the whether point J is accelerating, rotating or
performing some general motion, the equation

dl; .
A - Tapph’ed,i

can be applied about J if it satisfies one of the three conditions obtained above. Notice that in
under these conditions the right-hand side has only the externally applied torque. Thus if we
choose one of these points to apply the angular momentum-torque equation, we do not have to
worry about any fictitious torques arising because we are sitting on an accelerating point. We
have been applying the angular momentum-torque equation about points satisfying condition |
above; it includes stationary points also. Of the other two points, it is always safer to apply the
equation about the CM (condition Il ). This is because of the difficulty in ensuring that a point
is accelerating towards the CM (condition 111 ), although in some situations it may be easy. We
will discuss one such case below. We now solve some simple examples to illustrate what we
have learnt above.

Example 1: A uniform rod of mass m and length | is on a smooth horizontal table (friction = 0)

and is hit at one of its ends so that an impulse J is imparted to it in its perpendicular direction
(see figure 5). What is its subsequent motion?
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A rad baing kit af one of ifs ends giving it an impulse Jyigfi) and its
position and orientation of the rod some time after the impacitiright).

Figure 5

As the rod is hit, its CM will start moving with a velocity

Veae =

3|

At the same time the rod also starts rotating. Although the CM will be accelerating during the
impact, we can apply the angular momentum-torque equation about it with only external torque
in the equation. If the angular speed of the rod after the impact is o, it is given by

%J:f,mm = o o [M]

T 2bwthz) Ul

Note that in the sentence above, | have said 'angular speed of the rod' and not ‘angular speed of
the rod about the CM because the sense and amount of rotation about any point in the body is
the same, as was discussed in a previous lecture. The position and orientation of the rod some
time after the impact is also shown in figure 5.

Example 2: A wheel of mass m and radius R is sliding on a smooth surface (No rolling) with
speed V. It then hits a very rough surface so that it starts rolling (see figure 6). What is it
rolling speed?
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A wheeal siiding on a smooth surface (lgfi) hits a rough surface
fright) and starts rolling.

Figure 6

Let the rolling speed of the wheel be V; . As soon as the wheel hits the rough surface, it gets an
impulse J at its point on the surface in the direction opposite to its velocity. This reduces its
speed and also makes it rotate. It rolls if the speed V; of its CM is equal to wR , where w is the
rolling speed it gains after hitting the rough surface. The change in the CM speed is given by

yop=L
M

Applying the angular-momentum torque equation about the CM, we get

mRig=JR = J=—mRa

With the condition of rolling, V=R , the above two equations give

I would like you to repeat the same exercise for a disc.

The problem can also be solved by applying conservation of the point of impact on ground,
because the impulse gives zero torque about that point. The initial angular momentum of the
wheel with respect to that point is mVR . The final angular momentum is (angular momentum
of the CM plus angular momentum about the CM). This comes out to be (MViR + mR%w) .
Equating this to mVR and using the rolling condition gives the same answer as above. A
warning: keep in mind that the torque is being taken with respect to the point on ground and
not the point on the wheel that is touching the ground. Doing that will not be correct because at

the time of impact the point on the wheel is accelerating in the direction opposite to ¥".

I now solve a problem that involves, in addition to the equations above, energy conservation
also.
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Example 3: A rod of mass m and length | is held making an angle @ from the horizontal at a
height h from the floor (see figure 7). When dropped from rest, what will be its linear and
angular speed after it rebounds from the floor? Assume no energy is lost during the impact
with the floor.

o

A rod dropped from a height rebounds from the floor and siarts rotating.
The OM moves only in vertical direction

Figure 7

When the rod hits the floor, it receives an impulse J from the ground in the vertically up
direction. Although the rod is also being acted upon by its weight, we neglect its effect during
impact (see discussion in the lecture on momentum). Since all the forces are in the vertical
direction, the CM of the rod also moves only vertically. Before hitting the floor, the speed of

the CM is ‘J@ and the angular speed of the rod is zero. Let the rebound speed of the CM be
V and the angular speed of the rod after rebounding be w. Then similar to the example above,
these quantities are related as (keep in mind that we are dealing with vector quantities so their
signs have to be properly accounted for)

mlV +mnlgh =0

2
M;m: J—cos g
12 2

These are two equations for three unknowns: ¥, o and J. We therefore need one more
equation. This is provided by energy conservation. We express the kinetic energy of the rod
after it rebounds as the sum of the kinetic energy of its CM and the kinetic energy about its
CM. Thus immediately after the impact, energy conservation gives

2
mgh = lmﬁﬂ +l£ @
2 2 12
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Now we have three equations that can be solved for the three unknowns. This is left for you to
do.

Question you might now ask is if we could use the principle angular momentum and energy
conservation directly to solve this problem in a manner similar to what we did at the end of the
last example. We would like to apply the conservation of angular momentum about the point of
impact on the ground because torque due to the impulse about this point vanishes. Although
there is another external force - the weight of the rod - acting on the system, its effect during
the impact can be ignored because very short duration of impact. Thus we can say that the
angular momentum about the point of impact is conserved. This gives (left as an exercise for

you)

; il ;
mjegh —cosf=——a@—ml —cos
£ 2 d 12 2 ¢

or

2
[mq.l'Egﬂz +mV)%cos = %m

This is the same equation that is obtained by combining the first two equations above. Thus we
obtain the same answer by this method also.

| end this lecture by giving you an exercise.

Exercise: A disc of mass m and radius R is made to roll on a rough surface by applying a force
F at its centre. If it does not slip on the floor, i.e. it does pure rolling, find its acceleration by
applying methods developed in this lecture.

Rotational dynamics 1V: Angular velocity and angular momentum

In the previous three lectures, we have dealt primarily with rotation about a fixed axis or an
axis moving parallel to itself. What we saw in those lectures was that dynamics of a rigid body

—+

df.
) ) E = “external ) z -
is described by and in the absence of “exfernal the angular momentum L is a
conserved. In the case of fixed axis rotation, the relationship between the angular momentum

and the angular speed was quite straight forward in that £ ={@and all that was done in those
problems was to change the magnitude of w to change L. But the rotational motion is much

-

more interesting than that. For example £ is a vector so it could change direction because of

applied torque with or without its magnitude being affected. How the changing direction of £
affects the orientation of a rigid body is one question we should answer if we wish to
understand the motion of a rigid body. To start with, 1 want to point out to you that rotational
motion is sometimes not what one would expect naively.

You must have played with a top. If it is not spinning and we try to make it stand on its pivot, it
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falls sideways. On the other hand, if it is given a spin and then put on its pivot point, it does not
fall but starts to move about, what is called precession, a vertical axis passing through its pivot
point. This is shown in figure 1. Obviously the precession of the top has something to do with
its spin.

A tap that is not spinning falls to the side laft) whereas a
spinning top starts precessing (right).

Figure 1

My second observation is from something that is seen in science museums. You can also make
it easily in your local workshop. Take a track with many soft curves on it and let three different
shape rollers roll on it. You may want to keep the track slightly tilted so that the rollers roll by
themselves. Question is which of the rollers will be able to negotiate all the curves.

IRy Ry g

Z Z

A crrved track ffop) as ssen from above. Three rallers af different shapes are
made to rall on it. Cuestion is whichk ane of these will negotiaie all curves?

Figure 2

I make the third observation on a rectangular box of sweets (empty of course) or any similar
box. Put a rubber-band around it so that its lid does not come off. Hold the box at a height with
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one of its faces perpendicular to the vertical, give it a spin and let it drop (see figure 3).
Observe how its spin changes when it is falling down. You will find that in two out of three
possible ways of holding the box, its spin will remain essentially unchanged whereas in one
case it will start wobbling. On the other hand, if the box is dropped without giving it a spin, it
comes down in the same orientation. What does the spin do to it? We wish to understand this.

< ek,

A box baing given spin about different axes and being dropped from a
haight. In one case it wabbles while coming dowa.

Figure 3

In all three cases we see that when an object is given a spin its motion is very different
compared to when it is not spinning. This happens because the angular momentum of the
object due to its spin changes direction during the motion and the orientation of the body
changes accordingly. So we now really have to get into the vector nature of angular momentum
and relate it to the parameters - the angle and the angular speed / velocity - of the body. I
develop this structure of three-dimensional rigid-body dynamics step-by-step. The first
question we address in this development is if the angle of rotation & can be expressed as a

vector € ? And if the answer is yes, what is its direction?

The answer to the question whether an angle of rotation can be treated as a vector is in the
negative. This is because it fails to satisfy a fundamental property - that the addition of vectors
is commutative - of vector addition. Thus if we make two rotations of angles ¢, and 6, about
two different axes, the end results will not be the same if the order of rotations is changed. This
is depicted in figure 4 where | show a rectangular box that is to be rotated by 90° about the x
and the y axes. The x and y axes are in the plane of the paper and pass through the centre of the
box; the z-axis is coming out of the paper. The results are different if (a) | do the rotation about
the x-axis first and then follow it with a rotation about the y-axis, and (b) | do the rotation
about the y-axis first and then follow it with a rotation about the x-axis. Thus #; and &, cannot
be treated as vectors because &1+ & * & + 8
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Resuite of two ratations — one about the x-axis by 90 ° counterciociowise and the
second about the y-axis by 90° counterclockwise — performed an @ box: fa) x-
axis rotation that is followed by v-axis rofation, (B) y-axis rotation that is
Jollowed by an x-axis rotation.

Figure 4

Mathematically let us take a rod of length | lying along the x-axis with one of its ends at the
origin so that the (xyz) coordinates of its other end are (I, 0, 0). Keeping its end at the origin
fixed, the rod is rotated about the x and the y axes in the same manner as the box in figure 4. If
rotated about the x-axis first the end still has coordinates (I, 0, 0). Now the rotation about the y-
axis makes the rod align with the z-axis with the new coordinates of its end being (0, 0, - I) .
Let us perform the rotations in the other order now. The first rotation is performed about the y-
axis and makes the rod align with the z-axis with the new coordinates of its end being rod (0, 0,
- ) . Now the rotation about the x-axis makes the rod align with the y-axis and the final
coordinates of its end are (0, I, 0) . Thus we see that two rotations have absolutely different
effect on the orientation of a body depending on their order. This is demonstrated in figure 5.
The conclusion therefore is that rotations in general cannot be treated as vectors .
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T

rotation about z-axis rotation about y-axis

Different arder of rotation about x and v axes leaves the rod being rotated with
twa different final arieniations. In the upper sef of rotations, first rotation af 90°

iz performed about the x-axis and iz followed by a rotation aof 90 ° ahout the v-
axis. In the lower sei, the order is interchanged.

Figure 5

Although rotations by a finite angle are no vector quantities, rotations by infinitesimal angles
oo be

46 are. This also makes the derivative Af g vector quantity. We therefore call this

quantity angular velocity rather than angular speed. Let me first show you through a simple

example that infinitesimal rotations do satisfy the commutative property of vector addition and
then go on to assign a direction to such rotations

Let me again take a rod lying along the x-axis with one end fixed at the origin and the other at
(1,0,0). However, this time | consider infinitesimal rotations about the y and the z axes. | do so
because | want both the rotations to cause change in the orientation of the rod; first rotation
about the x-axis does not do that. Before | present the calculations, I would like you to recall
from the first lecture how different components of a vector change when the frame is rotated. |
would be making use of those relationships now with one change: rotating a vector by an angle
46 about an axis is same as viewing it from a frame rotated by the angle -46 about the same
axis. | perform a rotation of the rod about the y-axis by an angle 460, and that about the z-axis
by angle 460,. Let me first consider the case of rotation about the y-axis that is followed by a
rotation about the z-axis. Rotation of the rod about the y-axis gives the new coordinates of it
free end as

x'=-0xem( 48,0 +cos(-A8,)m

y'=0
z'=0xcos(—A8, ) +isin(~A8,) m —IAS,
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Now rotate the rod about z-axis to get coordinates of its free end as

e lcos(—A8 )+ 0 —AS )]
y'=anl —A8) + 0xcos(—AG ) m IAE,
2'=-l48,

Let us now do it the other way. Rotation about the z-axis gives

xelcos(-AG )+ 0xem{ AT ) =]
y=—dan(-AG )+ 0xcos(-AE ) =08,

z'=10

Now give a rotation about the y-axis to get

e —0xeml A8, )+l cosi—A8, ) = ]
y'=ihg,
2'=0xcos(=A8,) +lsm(-A8,) = HAE,

When we compare the two boxed results above, we find that the coordinates of the end point of
the rod come out to be the same. We conclude that two infinitesimal rotations will give the
same final result irrespective of the order in which they are applied. Thus infinitesimal
rotations can be treated as vectors . But what about the direction of rotation? To assign a

direction, notice that the change in the position vector 7 =X of the end coordinate of the rod
considered above can be written as

AF = (A8, J+AGE) < F
= (A8 k+A8,7) =7
=IhGF —1A8,k

where | have written the second line above to emphasize that the order in which infinitesimal
rotations are performed does not affect the end result of these operations. The equations above
suggest that an infinitesimal rotation about an axis be assigned a direction parallel to the axis
following the right hand convention: If the thumb of the right hand points in the direction of
the infinitesimal rotation, the movement of fingers gives the sense of rotation. With this
definition, the change in the position vector of a point after it is rotated by an infinitesimal

angle 46 about an axis in the direction of unit vector A (sense of rotation given by right hand
convention) is given as

AF = AOAxF = hd =7
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It is obvious that the vector 28 =287 The corresponding derivative with respect time is
called the angular velocity, usually denoted by & . Thus

I now point out that although the above equation is written for a position vector, there is
nothing in its derivation that limits it to position vectors only. It is in fact true for any vector as
can be easily proved by replacing the (xyz) coordinates by the corresponding components of

the vector in the derivation above. Thus if a vector Ais given an infinitesimal rotation
AE=L007 s will change by

—+

AA=pdxA

This is shown pictorially in figure 6.

Change AA in a vector A when it is rotated by ABabout an axis
in the direction of i

Figure 6
Let us now see how much does a vector ﬁchange when we apply two infinitesimal rotations

Af and 4.8, about two different axes. Let the vector be denoted by 4 after the first rotation

and by 42 after the second one. Then we have
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= A+(88,+48,)x A (up to first order in AG)

thereby showing that for several infinitesimal rotations the final effect can indeed be expressed
by adding the effect of each one of them.

Next we consider the rate of change of a vector rotating with an angular velocity & It is
obtained as follows:

—AdxA

=@x A

=B, B
BB

:ﬂ—xﬁﬁ =
M

This is the rate of change of a vector A only due to its rotation. If it changes additionally due to
some other causes, that has to be added to the above change separately. If we take the vector

to be the position vector 7, we get the formula

dr

V=—=@xr
for linear velocity of a particle due to pure rotation of its position vector.

You may ask this point why is it that we want to take A8, T s vector quantities. The answer is
that we in doing our calculations, we should know whether a quantity is a scalar or a vector or
something else so that mathematical operations on it can be appropriately defined. For

example, now that we know that @ s a vector quantity, we can take its components and deal
with them independently. Let me give you an example.

Example 1: A ball is given a spin at speed w and then put on a rough floor with @ making an
angle g with the vertical. When the ball eventually rolls, what would be its rolling speed (see
figure 7)?
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i 7

A spinning ball put on a rough floor with its angular velocity ai
ar angle with the vertical

Figure 7

In solving this problem, I make use of the vector nature of @ and split it into its two
components. It is the horizontal component & i1 Zthat is responsible for making the ball roll.

The vertical component @cos & does not contribute to rolling, as you well know. Further, this
component eventually goes to zero due to friction. So the question is: if a sphere rotating with

angular speed @sin &g kept on a rough floor with axis of rotation horizontal, what is its find
rolling speed. | will let you figure that out. The point that is emphasized here is that knowing

that @ s a vector quantity helped us to solve the problem easily.

Now that we know @is a vector, the next question we ask is: how does ‘55change when an
external torque is applled on a body? So far we have learnt that external torques change

angular momentum £ . So to know how mchanges we should know the relationship between
£ and m. We derive this relationship next.

Angular momentum of a rigid body rotating with angular velocity @ : \We now derive the
relationship between the angular momentum of a body rotating in space with one point fixed.

That means the body is not translating and has only three degrees of freedom. By definition,
the angular momentum

E=3 mii x5,
i

-

For a rigid body rotating with one point fixed, | have derived above that vy = %7 . With

- -

V= @x7F = (myzi - mxyi);\_'_{mxxi - &z )}"‘ (mxyi - myxi)}z
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L= m7x(&x7)

i
= {xi;-l_yi}_'_zz’k} # [[:myzi — & :F +{a,x, - @,z }}"‘ (mxyi — }k]
i
This gives the three components of the angular momentum to be

L, = (Zmi(yf +zf]}mx —(Zmixiyi]my - (Zﬂ%xizi]mx

=lpa +i e, + e

L, = _(Zmiyixi]mx +(Zmi (z +xf)]d‘ﬂ}. B [Z miyiz"]mx

=lpa, i e+ @,
I = —[Z mizixi]mx - [Zmiziyi]my +[Zmi(xf +yf)]mx
=lpa, tiga, +iza;

This is usually written in the matrix form

Lx I:r.r W w || D
LJ-' =\ m { wo A || @
Lx I Frd Fal = P

The (3 x 3) matrix in the equation above is known as the moment of inertia tensor. Its diagonal
terms

Lo =Ymyi+zl) 1, =Y miz} +x) 1= mx! +y])
are the moments of inertia about the x , y and the z -axis, respectively. The off-diagonal terms
Iﬁ':fﬁ:_zﬂ%xi};i IE:IH:_ZmixiZi IJB:fo':_Z.miyizi

are known as the products of inertia. The values of the moments and products of inertia depend
on the set of axes chosen.
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So you see that relationship between Land &g quite involved. Luckily, for a rigid body, for
each point one can find a set of axes about so that products of inertia about that point vanish.
These are known as the principal axes. Thus for the principal set of axes at a point

These axes are attached with the body and rotate with it. However, the principal axes offer an
advantage when dealing with the angular momentum of a rigid body. At a given time, if |
calculate the components of the angular momentum by taking the rigid-body to be rotating in
the principal axes frame at that instant, they turn out to be simply Ly =l oy , Ly =lyy @y and L,
=l w, . Thus the angular momentum of the body is given as

L=l ai+i @ j+izak

at any given instant. It is easily seen from the expression above that in general the angular

momentum and the angular velocity are not parallel; they will be parallel only if o =lp =l

, 1.e. if all three moments of inertia about the principal axes are equal. This is shown in figure 8
in two dimensions.

A

L 2

Lirection af Z Jfor a given @ fupper figure). IFl,=1,, L and @, shawn by dashed
arrow, are paralisl (lower left) i 1, #15,, L and &are not parallel flower right).

Figure 8

Let me now solve an example.

Example 2: A thin massless rod of length 21 has a point mass m at both its ends. It is rotating
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with angular speed w about a vertical axis passing through its centre and at an angle 6 from it,
as shown in figure 9. Calculate its angular momentum.

4

A thin massless rod with point mass m ai both iis ends rotating about a
vertical axis. The principal axes are shown as X and ¥ axis with 2
perpendicuiar to the XT plane.

Figure 9

We will apply the formula for angular momentum derived above. It is easy to see that at the
centre of the rod, the principal axes are: one axis parallel to the rod and two of them
perpendicular to it. These are shown in the figure above. Notice that the principal axes rotate
with the body. The moment of inertia with respect to the principal axes shown in figure 9 are

Ip=2mi® 1,=0 I_=2ml

The components of the angular velocity along the principal axes are
@, =—@sn & @, =a@cosd @, =1

Thus the angular momentum is given as

L=l ai+i, @+ ak

= 2l @sin &1

This is also shown in figure 9. It is clear from the figure that as the body rotates so does its
angular momentum vector. Thus the angular momentum of the body changes with time
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although its magnitude remains unchanged.
I end this lecture by asking you to solve a similar problem.
Exercise: A rectangular thin sheet of sides a and b is rotating about one of its diagonals (see

figure 10) with angular speed w. The mass of the sheet is m. What is its angular momentum?
Express it in terms of the principal axes unit vectors.

Figure 10

Lectures 22 & 23
Rotational dynamics V: Kinetic energy, angular momentum and torque in 3-dimensions

—+

You learnt in the previous lecture is that the angular velocity ' is a vector quantity pointing in
the direction of the axis of rotation. Any vector that is rotating about & also changes direction.

Thus the vector changes even if its magnitude is constant. If the vector is A then its rate of
change purely on the basis of rotation is

ﬁ:dﬁxﬁ
ot

Thus the velocity of a rotating particle at position " from the origin is
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v, = &=
| also derived the general expression for the angular momentum, which is given as

L=(l,o,+i @, +1 @)
+ (e, 1+ @) 7
+ (Lo, +i e, + I @)k

Here lardy and iy are the moments of inertia about the x, y and the z axes, respectively. The

off diagonal elements like Iy, are the products of inertia. A simplification in the expression
above arises by employing the principal axes for which the products of inertia vanish. For
convenience in writing, the principal axes are usually denoted by (1,2,3 ) instead of (x,y,z).
Using this notation the angular momentum vector can be written in a simple form as

L=1lai+lLe +Lak

where w; , w, and w3 are the components of the angular velocity along the principal axes. |
now derive the expression for kinetic energy for a rigid body rotating with one point fixed.

Kinetic energy of a rotating rigid body: I consider a rigid body rotating with angular velocity
&, Its kinetic energy T is calculated as follows

7= %Zmiﬁ- 5

—+

Substituting
products we get

=,§j><

i)

for of the velocities above and making use of some identities of vector

T= T (B7)
1 -
=§me-(vi><m)
1 S,
:EZmim-(rixvi}
&L

1
2
In the principal axes therefore
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1 7 1 7 1 2
== +—dla8 +=1 @
21*‘331 222 233

This is the expression for the kinetic energy in terms of the principal moments of inertia and
the components of angular velocity along the principal set of axes. Having obtained the general
expressions for the angular momentum and kinetic energy of a rigid body, we now study the
dynamics of a rigid body through the angular-momentum torque equation. Along the way |
will explain the three observations that | had started my previous lecture with.

Dynamics of a rigid body: Dynamics of a rigid body is governed by the equation

dl .
E - T.:zppi ied

and it is this equation that governs everything about the rigid-body rotation. What makes the
motion of a rigid-body interesting is that there is a fantastic interplay between the angular
momentum, angular velocity of a rigid body with or without an applied torque. For example if

the angular velocity and the angular momentum of a rigid body are not parallel, the L vector
would rotate about @ and that would make Z change. However, if there is no torque applied on
the body, angular momentum cannot change Therefore to compensate the change in Z arising
from its rotation, the angular velocity @ jtself must change. Changing @ would make body

rotate in a different way and this goes on. It is thus this interplay between L and @ that makes
a rigid body move in seemingly counterintuitive ways.

As a body rotates, its angular momentum changes on two counts: first because in general L
and @ are not parallel and therefore £ rotates about & . With

=i +@,)+ @k

and

L= flmlf+ fzmﬁ + I3a:r3£

the rate of change of L only due to its rotation about @ s given as
di

i
= (@l - ‘?%Lz:'?"' (ay L) — m1£3)}+':‘311£3 - mﬂi'l)"%

-.-}(L
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If the components w; , w, and w3 were also changing, | would have to add an additional term
on the right-hand side of the expression above to take care of that. This is the second reason for
the change in angular momentum of the body. For the time being | focus on cases where the

components of %along the principal axis remain unchanged. This in turn implies that the
magnitude of the angular momentum remains constant during the rotational motion of the
body. This happens when the applied torque is always perpendicular to the angular momentum.
Substituting for L; , L, and L3 in the equation above, | get

—+

i - . -
E =ayan L vy - raya, -1k

dL
So at any instant the components of 4 are

dr dl dl
— | =@y iy -1,) | —| =@&eyld,— i) and — | =@ay(l, - 1)
o . ot , o X

For a geometric interpretation of these equations | urge you to go back to the previous lecture
and see how we obtained the changes in the coordinates of the end of a rod rotating
infinitesimally. This gives the components of the torque required to be

T = @yasld; — i) T =@l - 5)
Ty = @y — 4p)

To apply these equations | start with calculation of torque for the example that we solved at the
end of the previous lecture.

Example 1: A thin massless rod of length 21 has a point mass m at both its ends. It is rotating
with angular speed w about a vertical axis passing through its centre and at an angle 4 from it,
as shown in figure 1. If the axis of rotation is held at its two ends by ball bearings, calculate the
force that the ball bearings apply on the axis. The ball bearings are placed symmetrically from
the centre of the rod at a distance d each.
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A thin massiess rod with point mass m al boih itz ends rofating about o
vartical axiz {lgf). The axis of rotafion iz kepi fixed in place by bwo ball
bearings at a distance of & from the centre of the rod. The forces on the
rad applied by bearings are also shaown (right).

Figure 1

Recall from the previous lecture that | had taken the principal axes (1,2,3 ) with (1,2) as shown
in figure 1 and axis 3 perpendicular to them. The moments of inertia about the principal axes
are

I=2mi* 1,=0 and I, = 2ml*
The angular velocity and the angular momentum of the rod-mass system are

F=af +a, i+ ek

= —@sin & +@cos 8
and

L=lai+i,o +Lak

= —2mi? @sin 81

All the parameters - mass m, length | and angle 6 - in the equation above are constant so the
magnitude of the angular momentum is also a constant. As such we can apply the formulae
given above to get the components of the torque to be applied as

q=a,a (L -1=10 T, =agay(f, —15)=10

T, = @, (1, — 1)) = 2mi* @ sin Gcosd
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Thus the torque needed to keep the rotating rod in its position is in the direction of principal

axis 3 of the body. As was noted above, the torque is indeed perpendicular to £ . The torque is
provided by the forces applied by the bearings. When the rod is in the plane of the paper, as
shown in the figure, the force would be to the left at the upper end and to the right at the lower
end of the rod (see figure 1). And their magnitudes will be equal since the CM of the rod has

zero acceleration. Thus the forces provide a couple equal to 3 Their magnitude is

3 i@ sin Foos & 3 it sin Boos &

2d d

F

dL
There is another method of calculating ¢ that we describe now. L has one component

g2 2 =
Ly =2mla@sn®@n e direction of @and  the  other  component

_ 2 . - :
Ly =2mi"smn Feosd pernendicular to @ (see figure 2).

Ly

Figure 2

As the rod rotates Ly remains unchanged but Ly sweeps a circle with angular frequency <.

The rate of change of I is therefore the same as that of Ly . The magnitude of the latter is wLy
. Since at the position shown, the tip of Ly is moving out of the paper, the direction of the
change in Ly is also the same. This is the direction of principal axis 3. It thus follows that

= Zmit@® sin Bcos &

in the direction of principal axis 3. For completeness | also calculate the kinetic energy of the
rod-mass system. It is
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1 4 1 5 1 5
T=—ila +-1 +—f@
5 1% 2253’2 5 3%

=ml @’ sin’ g
I now give you a couple of exercises similar to the problem above.
Exercise 1: In the problem above, if the axis of rotation passes through a different point than

the centre of the rod (see figure 3), what will be the forces applied by the bearings with
everything else remaining the same? ( Hint: the CM is now moving in a circle )

Figure 3

Exercise 2: For the rotating objects shown below in figure 4, calculate the rate of change of
their angular momentum by the two methods employed in the example above.
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L =
— N

() (&) (c)

Find the rate of change of angular momentum of (a) a rectangular
sheet rotating about ifs diagonal, (B) a reciangular sheet rotating aboui

ar axis passing through its cantre, and () a thin disc rotating about an
axis passing through its cenirea.

Figure 4

If you have followed the example above, and have also done the exercises suggested, then you
will be in a position to understand the explanation of two of the three observations | started my
previous lecture with. The two observations were the precession of a spinning top and only one
roller of the three shown being able to go over a curved track entirely.

Example 2: Let me take the case of the precession of a spinning top. In this case we observe

that when a spinning top is put on a floor and its lower point is held at one point, it starts
precessing about the vertical axis (see figure 5)

!
:

A pracessing top (left) and its angular momentum and force
mig acting on it (Fight).

Figure 5

| take the mass of the top to be m, its moment of inertia about the spinning axis | , distance of
its CM from the pivot point | and its spinning rate to be ws. The top's axis is making an angle 6
from the vertical. Let us take the rate of precession, i.e. the angular speed at which the top
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starts to rotate about the vertical to be €. It is observed that Q is usually much smaller than ws.
So in calculating angular momentum we are going to take it as arising from the spin only and
neglect any contribution of Q to it. The angular momentum is then along the spin axis of the

top and its magnitude is L= fms, where | is top's moment of inertia about its axis. Further,
there is torque acting on the top due to its weight. The magnitude of the torque is mgl sing and

it is perpendicular to the plane formed by the vertical and the spin axis (the direction of L ). At
the position shown in figure 5, the torque is going into the plane of the paper. The problem

then reduces to the following. A rigid body has an angular momentum L and is being acted
upon by a torque of magnitude mgl sind perpendicular to £ . What will happen to the body?

Since the angular momentum is being acted upon by a torque perpendicular to it, it changes
continuously with time with its magnitude remaining unaffected. Thus it moves on the surface
of a cone as shown in figure 6.

£ ¢

Lyg

Angular momentien vecior moving an the surface of @ cone atf a constant
rate. fts vertical and horizontal components are Ly and Ly, respectively.

Figure 6

Let me now calculate the frequency of rotation of vector L Forthis | again look at the vertical
Lv and horizontal Ly components of the angular momentum, as shown in figure 6. The vertical

L1l

component remains unchanged and the horizontal component changes at the rate #as the

(EJ = (W sin &
dt , which should be equal to the torque.

Z vector rotates. This gives

L=1a

Substituting , I thus get

LM, sin @ =rmglom 8
=

Ca=
e,
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This is the rate at which the Z vector rotates. Since L is attached to the top, the top also rotates
_ el

at the same rate. fa,

is then the rate of precession of the cone.

As the top precesses, its CM moves in a circle. You may now wonder where does the
centripetal force for this come from? This is provided by the horizontal reaction or the
frictional force at the pivot point. Second question you may raise is why is it that the
component Ly starts moving in a horizontal circle due to the torque while the vertical
component does not move in a vertical circle. In the actual motion, it does. So in addition to the
precession, the axis of the top also oscillates up and down with very small amplitude. If you are
careful in you observations, you will see this motion. This is known as the nutation of the top.
In our present treatment, we have ignored this motion and solved the problem only to get the
precession rate.

I now wish to explore if to get this answer, | could equivalently have used the equations

T = ayas (- 1)
Ty = ayay () - 13)
o=@y, - 1))

To do this, let me first identify the principal axes of the cone at the pivot point and label them.
The principal axes are the spin axis and two other axes perpendicular to it. These are shown
and labeled (1,2,3) in figure 7; in this position axes 1 and 2 are in the plane of the paper and
axis 3 is coming out of it.

A spinxing fop precassing about the vertical, lts principal
axes ! and 2 are shown.

Figure 7

The moments of inertia about the principal axes are h=ll=hL=i

& at the instant (1 take it to be time t = 0) shown in figure 7 are

+. The components of
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@ =@, +ilcosFm @, @, = Cisin &
a, =0

Substituting the values of moments of inertia and the angular velocity components in the
equations for the components of the torque gives

=0 1,=0
Ty, =L@, sin 87 - 1)

This is not the same answer as obtained earlier. Where have we gone wrong? Is the previous
answer correct or is this answer correct? We will see later that in applying the equations above,
we have not taken into account the fact that due to the spin of the top, its principal axes also

spin about axis 1 and that makes the components of ’5along them time-dependent. For now |
move on to explain the observation about only one of the rollers being able to go over all the
curves of a track.

Example 3: If you have performed the experiment, you would have seen that only roller 1 (see
figure 8) that is tapering down as we move away from its centre is able to go over all the
curves. Let me now explain that.

As a roller goes over a curve, its centre of mass moves requires a centripetal force to do so. At
the same time, the angular momentum of the roller also changes direction and that requires a
torque. Both the centripetal force and the torque are provided by the normal reaction of the
track on the rollers. These reaction forces on the three rollers are shown in figure 9.

In analyzing the motion of these rollers, | am taking them to be moving into the paper. Thus
the direction of their angular momentum is to the left, as shown in the figure. Now if these
rollers have to make a turn, the normal reactions should provide the required centripetal force
in the horizontal direction. This rules out the plain cylindrical roller (roller 2) from making any
turn because both normal reactions on it are in the vertical direction. This leaves the other two
cylinders for further consideration. For those rollers, the torque of the normal reaction forces
about the CM should change their angular momentum vector in the appropriate direction. Let
us look at roller 1 first.

Roller 1: For a left turn, N1 < N, for centripetal force. Therefore the torque generated by them

is in the direction coming out of the page. As the roller makes a left turn, the associated change
in its angular momentum also is in the direction coming out of the page, consistent with the
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torque generate. For a right turn by this roller, the centripetal force is to the right so N3 > N, .
This generates a torque about the CM that goes into the page. For the right turn, the change in
the angular momentum is also into the page, consistent with the torque generated. Thus for
roller 1, the centripetal force and the torque generated are consistent with the centripetal force
and the change in its angular momentum. Let us now see what happens to roller 3.

Roller 3: If roller 3 turns left, the centripetal force will be provided correctly if N; > N, . This
however gives a torque about the CM that is going into the page. On the other hand, during left
turn the change in the angular momentum comes out of the page. Thus the torque and the
change in angular momentum are in opposite directions. Exactly the same situation arises for a
right turn. Because of this inconsistency, the roller fails to turn at any of the curves. This
example teaches us about the centre of mass motion combined with angular momentum
changes about the CM. We now move on to discuss the general form of the equation relating
the torgue and the angular momentum.

The general equation governing rotation of a rigid body:
Having dealt with situations where components of & are constant, we now ask what happens

when @is also changed. For this let me look at the expression for the angular momentum in
the principal axis frame again. It is

L= flmlf+fza:r2}+ I3a:r3£

I now give a slightly different derivation for the rate of change of L. In doing this derivation |
keep in mind that as a rigid body rotates, the unit vectors along its principal axes also rotate
and their rate of change is (see previous lecture)

& . d) L . dk L -

— = @i —— =@ — = @xk

cft et ot

Now I differentiate Z to get

dr. day »  da, » ., de; - i dj dk
=L, R+ L R |+ e+ e, S+ Lo, —
dt (lai'z e T ][llcﬁ R T

= {ned + Layj+ Lak )+ xief +Le, )+ La,k)
= [fla':rlf‘+ L g+ f3é%£)+ Gx L

Here the first term is due to the change in the components of '555a|ong the principal axis and the
second term is the change in £ due to its rotation. Notice that we recover the formula derived
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earlier if the components of @ do not change with time, i.e. &1 = %% = & = O Let me repeat
the interpretation of the equation: at any instant we take the body rotating in the principal axes
frame at that time, i.e. the frame is frozen at its position at that time and the body is taken to be
rotating in it. To see this geometrically, let me take a two-dimensional case. Shown in figure 10
are the principal axes 1 and 2 of a rigid body at times t and (z+ 4¢) . In time interval A¢ the body

and the frame attached to it rotate by an angle Ag = ‘E‘Ek, and w1 and w, change to w; + dw;
and w; + Aw, . With these changes let me calculate changes in the components L; and L, in the
frame frozen at time t .

2(t+At)

Iofios Looooo

1(t+At)

1)

The principal axes af a rotating bady af time ¢ and (+2). In time interval At the
bady and the attached frame have rofated by an angle A8 about the z-axis and the
componants af angular velocity have changed by Aay and Aan.

Figure 10
Looking at the figure, where | have shown all the changes that have taken place during the time
interval A¢ , we get in the frame at time t

AR = A coshF— LAG
= ILhay — LAS

and

ALy = LA®, cosAB+1,A8
= Lha,+ LA

So the total change in the angular momentum is

AL =Lhai+LAe - LAS +LAG)
= MA@+ LAm ] +Adkx (57 +1,5)
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Dividing both sides by 4¢ and taking proper limit gives

—+

"i_ﬁ = L@ i + L, j+@%L
i

This gives you some idea about where this equation comes from. Of course in a more accurate
treatment, rotations about the other axes also have to be taken into account. For infinitesimal
rotations, they can all be added up and give the general equation

—+

";—L = {ned + o)+ Lak)+ &x L
b
This gives

L= 1@y +(&=D),

= Ly +@,as(i; — 1)
L=l +(@xD),

= La, + eyl - I,)
L= L, +(&x1),

=L@+ aay (i, - 1)

Each one of these rates of change should be equal to the component of the torque in that
direction .Thus

4 =& +aganiy—I;)
Ty =Iyay +anan(l —i3)
T =hagy+ayay(i; - 1))

These are the most general equations governing the dynamics of a rigid body and are known as
Euler's equations. |1 now use it to explain the third experiment | had suggested in the beginning
of Lecture 21.

Example 4: Hold a rectangular box at a height with one of its faces perpendicular to the
vertical, give it a spin and let it drop (see figure 11). Describe its subsequent rotational motion.
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L & A

A box being given spin about different axes and being dropped from a
haight. [is moments of inertia about three different axes are shown,

Figure 11

This is an example of torque-free (:'f= D) motion because there is no torque on the box about
its centre of mass. Thus its rotational motion is governed by the equations

hay +apas iz —Ip) =0
Iy +anaey (L) - 13)=0
iy +aywy(fy —4) =0

For a box similar to the one shown in figure 11 we would generally have I3 > 1, > |5 .

Let me first consider the case when the box is given a spin about its principal axis 1. Let me
also assume that in the process I also disturb it and give it very small angular velocities w, and
w3 about its axes 2 and 3, respectively. Since both w, and w3 are very small, their product is
second-order in smallness and will be ignored. The Euler equations and there are then as given
below.

La=0 (D)
lpay +apan(d) — 130 =10 (4
Ly +@a, (I, —1) =0 (D)

The first equation implies that w1 is a constant. Let me call it the spin rate wo . Using this fact
the other two equations are dealt with as follows. Differentiate equation (Il) with respect to
time to get

{ydh +agay (L) —13)=0
and substitute for % from equation (I11) to obtain
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Since I3 > I, > 11, the equation above is of the form

(fz _flj”(fz B fl) mﬂz

Gy, +@, =0 where (0 =
IEIE

Its solution is of the form
@, = Asin L¥ +5cosllf

One can similarly get equation for w3 also and see that it also has similar oscillatory solution.
This implies that as the box falls down it spins about axis 1 and oscillates about axes 2 and 3.
Since magnitudes of w, and w3 are small, you see the box fall essentially spinning only. The
same thing will happen if we give initial spin about axis 3. However something different
happens when the initial spin is about axis 2. Assuming w; and w3 to be small, in this case the
Euler equations take the following form right after the release of the box.

1y =000 - fzj'mnz

@y — =0

1 I, &

&y =0

- ({y _51:'555_52:'&35 @ =0
143

The second equation above implies that w; is a constant and with I3 > 1, > |, , the other two
equations take the form

(fg - 51)(33 _fzj' 5312

Gy — Qe =0, & -Fo,=0 where Q°= o, :
243

Solution of these equations is of the form
Aexp(CI6) + Hexp( —C2)

which indicates that right after the release, the angular velocities about axes 1 and 3 will grow
very fast and take on a large value. Thus the box will start rotating about all three axes and that
is what you observe. Thus we see that a rigid body is stable when it is given a spin about the
axes having the smallest or the largest moment of inertia. However, if given a spin about the
axis with intermediate moment of inertia, it will be unstable. Next | take up the case of
precessing top that | had not solved by employing Euler's equations earlier. This is an example
where a torque is also being applied on the system
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Example 5: Apply Euler's equations to a precessing top and get its precession frequency Q.
The top has a mass m and is spinning at a rate of ws (see figure 12). Its centre of gravity is at a
distance | from the pivot point.

!
:

A precessing tap (left) and its principal axes and spin and
precession angisiar velocities at time (=0 {right).

Figure 12

I have already discussed about the principal axes of the top in example 2 above. With

b= 4 =5=1 e Bulers equations for the top are

0 =5
=l@tael-1)
o=4,& e, -0

Now in applying Euler's equations you have to keep in mind that the top is spinning. As such
its principle axes 2 and 3 also rotate about axis 1 with angular frequency ws . So the
components of angular frequency and torque in the direction of these axes also change with
time. Taking time at which the position of the top is shown in figure 12 to be t = 0, | draw in
figure 13 the position of axes 2 and 3 at time t . In this figure, | have neglected the angle W t
through which the top and therefore the torque vector itself has rotated. In other words | have

iy == L

assumed that . Thus the angular velocity and torque are shown where they were at t =

0.
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2(0)

D)

3(t)

3(0)

Figure 13
Looking at figure 13, it is clear that the components of the angular velocity and the torque are
&y =@y, +llcos 8= @y @, = Casin Feos(@,z) @, = —Clsin Gsin{@,¢)

=10 T, = —mglsin Ssin {@z) T, = —mgisin Scos(w,z)

Substituting these in the Euler's equation for the top gives

£,

y =0
t)=-1 Qa, sin Gsin{@w.t)— (7 -1 1@, sin Gsin {@,z)
)= —1 Q@ sin Geos{@wyt)+ (7| — N, sin Gros{@,z)

— mgl sin sin (@

5
— gl sin fcosf@

The first of these equations gives w1 = constant = ws. The other two equations give the same
answer which is

Q:m;gf
1a,

This is the answer that we have seen earlier. In solving the Euler's equations for the top, we

e > L)

made the assumption of . Further we assumed that the top only precesses about the
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vertical. However, there is no reason why it cannot posses a horizontal angular velocity Qy
also. Assuming the existence of Q and Qy and then solving the Euler's equations will give a
more complete solution for the motion of a spinning top. It in fact gives the nutating motion
also. You may want to try getting this general solution.

With this lecture 1 end of the topic of rigid-body rotation.

Lecture 24
Harmonic oscillator I: Introduction

Having analyzed the motion of particles in different situations, let us now focus on a very
special kind of motion: that of oscillations. This is a very general kind of motion seen around
you: A partial moving around the bottom of a cup, a pendulum swinging, a clamped rod
vibrating about its equilibrium position or a string vibrating. A good first approximation to
these motions is the simple harmonic oscillation. Let us see what does that mean? At a stable
equilibrium point, the force on a body is zero; not only that, as a particle moves away from
equilibrium, its potential energy increases and it is pulled back towards the equilibrium point.
Thus around a stable equilibrium point X, (for simplicity, let me take one-dimensional motion)

the potential energy #(x) can be written as

d 1d%¢ .
.;Ei'(x,:, +&I}=${ID:|+ER‘U&X+EE D+

x0

Since at an equilibrium point, the force F(xo ) on the particle vanishes,

dg
E¥ Rz =0
dzl., ()

Further, because @(x) has a minimum at Xo , this gives

_d¢

= = 0]
dx 0

1 2 :
Py +hx) = Plxg )+ > hx® wath &

Writing %= | get
#0) = 8 + 5

and the corresponding equation of motion for a mass m as
mi=—ky o mytiy=0
As | will show a little later, the solution of this equation is of the form
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w(#) = Asin a¥ + Bcos a

and is known as the simple harmonic motion. It is the simplest possible motion about a stable
equilibrium point. Of course if k = 0 , the force will have higher order dependence on y and the

motion becomes more complicated. Further, even if =0 if we include higher order terms,
the resulting motion will become more complex. It is for this reason that we call the motion
above simple harmonic motion. We will see that this itself is quite a rich system. A system that
performs simple harmonic motion is called a simple harmonic oscillator. A prototype if this
system is the spring-mass system with k being the spring constant and m the mass of the block

on the spring (figure 1).
k
M m

“— g ——»

A spring-muass sysiem

Figure 1

In these lectures, | will talk about the motion of this system and how it is represented by a
phasor diagram. | will then introduce damping into the system. The simplest damping is a
constant opposing force like friction and next level is a damping proportional to the velocity.
Then | will apply a force on the system and see the motion of force damped and undamped
oscillator. Along the way, | will solve many examples to show wide applicability of simple
harmonic motion.

To start with let us take our prototype system of mass and spring with unstretched length of the
spring *1 50 that equilibrium distance of the mass is *a2Now when the mass is displaced about

*0 by x in the positive direction, the force is in negative direction so that

m¥ =—kx

or

Ftaiz=0 wih @ =

E =

This is the general equation for simple harmonic oscillator. Recall that in such cases we
assume a solution of the form
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A=

and substitute it in the equation to get

Af Af
A" vale” =0

Since this equation is true for all times, we should have

Ft+al=0 = A=%ig,

Tagf i . i .
. A general solution is then given in terms of a

. Taipf -
Thus there are two solution # and ¢
linear combination of the two solutions so let us write

x(f) = de'@0f 4 pp %0t

since * is real it is clear that B=4". Thus

—la,f

x(6) = A2 + 4%

If we take A = Ag + iA;, where both Ax and A, are real then the solution above takes the

form

x(f) = 24, cos @i — 24, sin @y é

which alternatively can be written as

Coos @yt + L0 sin ané

Another equivalent way of writing the solution is

x(E) = Acos(@yt + ¢

x(t) = Aanl @t + @ or

where
o I

A=J0*+ D% Jsin gp=—oo— and cosf= ———
! Jo o J

A is the maximum distance that the mass travels during a simple harmonic oscillation. It is

known as the amplitude of oscillation. The quantity (@9t +9) is known as the phase with @
being the initial phase. All the boxed equations above are equivalent ways of writing the

264



solution for a harmonic oscillator. The general graph depicting the solution

x(¢) = Asnl @t + ) s given in figure 2.

=(t)

t
Asing I

Heneral displacement of the mass in a spring-mass system

Figure 2

Thus A is the maximum distance traveled by the block and Asin '?égives its initial
displacement. The constants C and D or A and ? are determined by the initial conditions, i.e.
initial displacement and velocity of the mass. In general any two conditions are enough to
determine the constants.

For a displacement

xit)=Crosays + D ayé
= A= @yt + ¢

the velocity of the mass is given by

vit) = x(E)
= @, {C'cos @yt — Dsin @,z)
= @, A cos{@t + @)

Thus the maximum possible magnitude of the velocity is wg A . The general displacement and
the corresponding velocity of the mass with respect to time are displayed in figure 3.

265



wpdh
() S
x{t) A
t

Displacement and welogity in a harmonic oscillator

Figure 3

It is clear from the figure that for a given displacement, the velocity is such that when
displacement is at its maximum or minimum, the velocity is zero and when the displacement is
zero, the velocity has the largest magnitude. This is physically clear. When the spring is
compressed or stretched to its maximum, the particle is at rest and when the particle passes
through the equilibrium point, its speed is at its maximum. Let me now solve a few examples.

Example 1: In a spring-mass system k = 16 N/m and m = 1 kg . If the mass is displaced by .05
m and released from rest, find its subsequent motion.

x(E) = Comn @yt + Deos @yt

mu=ﬁ=ﬁ1ﬁ=4mdfs
o

Using the initial conditions | get
x(0)= D =0.05m

i =gC=0 = C=0

So the solution is *® =-05¢084f \yith the maximum speed of 0.2m/s . The solution x(t) is
plotted in figure 4. Also plotted there is the velocity v(t) of the mass as it performs its motion.
Notice that from the x(t) curve, the velocity can be easily plotted by taking its slope.
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w(t)
x()

0 2mis=

Lisplacement and velocity in example Iwith the initial condition

x{OI=0. S and wilI=0

Figure 4

Let me now show you how the solution changes when the initial conditions are different.
Suppose instead of pulling the mass and releasing it, | give it an initial velocity of .1m/s toward
the right from the equilibrium. In that case

x(0)=D =0
) =@C=01 = C=0025

So ()= 0.025sm 4f Obviously the maximum speed in this case is 0.1m/s, that given in the
beginning. The solution looks like shown in figure 5.
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xft) 0. linfz

Lisplacement and velocity in example Iwith the initial condition

x(ON=0 and will=0. fmfs

Figure 5

Third possibility of initial conditions is when | take the mass to a displacement of .05m and
push it towards the equilibrium point with a speed of .1m/sec. Then

x(0) = D = .05
i =@C=-1 = C=-1/4=-025

Thus the solution is *@ =70.025sm @t +0.05c0s @t ¢ e wish to express this as

x(t) = Asin x{ayt+0) then

A= (05 +( 025 = 056
and

05 —.025

sth = i C

JOos? 40257 009 JO05)? +( 0252

and tang=—2 with "’_;{.;a:.-::;ar

This gives ¢ = 116” gng #@ = 056sin{ 46+ 116) The mayimum speed in this case is Vimax = 4
x 0.056 = 0.224m/s . So the graph of the motion looks like that shown in figure 6.
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w(t)
x()

Lisplacement and velocity in example Iwith the initial condition

2()=0.05 and P{OV==0. 1.

Figure 6

From the graph it is very clear that initially the speed of the particle increases in the negative
direction and then the particle starts slowing down, stopping at the full compression of the
spring, as is clear from the plot of its displacement.

If in the case studied just now, the mass was thrown out instead of being pushed in, it would
have a positive velocity to start with but the speed would be decreasing at that moment. Then
the mass will travel out to its maximum displacement and would then turn back. The general
plot of displacement and velocity versus time would then look as in figure 7. I will leave it for
you to work out the numbers for amplitude and initial phase.
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w(t)
x()

Lisplacement and velocity in example Iwith the initial condition
xf)=0.05 and vill=+0. Im/fs.

Figure 7

Example 2: In the second example | show that about any stable equilibrium point, the motion
to a good degree is simple harmonic. let us take two changes of 10 pC each at a distance of
half a meter so that is a positive charge of 5 puC is kept at the centre, its experiences no force
(see figure 8). The 5 uC charge is confined to move along the line joining the two changes. If
displaced by a small distance from its equilibrium position, what kind of motion does it

perform?
H
+— 05m —»
| - * @

Figure 8

When the 5 uC is displaced to the right by x, the force on it is

B g1 | 30X1077  50x1077
(5+x°  (5-2°

=—56x

—d
In obtaining the force above, we have used the binomial theorem to expand (5£2) . Since
the force is proportional to the displacement and in direction opposite to it, the charge will

270



perform simple harmonic motion.

Let me now look at some other examples, going beyond the spring-mass system.

Example 3: A disc of mass M and radius R is hanging on a will about a point on its periphery

(see figure 9). If it is displaced from its initial position by small angle % and released, find its
subsequent motion.

Figure 9

This is a case where a rigid body is moving under distributed forces so we use angular
momentum to describe its motion. The equation of its motion therefore is

I@=18=-MgRsin 8
= —MgR 8 (small angle)

By transformation theorem,

2
I, 3MR

2 _
e abouf Ol +MET =

So the equation of motion becomes
d+224_0
iR

This means that in general the motion of the disc would be simple harmonic and will be given
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as

2
8t =Csin @i + Dcosayt with @ = %

The initial conditions in this case give C = 0 and D = 6, . Therefore the solution in the present

2
8(¢) = 8, cos . |=5.¢
case is 3R

Example 4: As the final example here, let me take a particle moving in a potential

IF(x) = i;+3xj (A>0,8>0)
X

i(i;+3xj]
agxhx

.The potential has a minimum at xo given by

=10

%0

You can yourself check that the second derivative at this point is positive and its value is 8B.
For very small displacements x about this point we have the change in the potential energy
given as

AT (x) = L}ﬁ Bz, +x)%)

(x, +x

which by binomial theorem or the Taylor series expansion leads to
AT (x) = T(x,) +%(83}xz

sb
a =, |—

This gives an equivalent spring constant of k=8B and frequency of oscillation ’ e

Having solved these examples | now wish to discuss a very important topic of phase and phase
difference in a simple-harmonic motion. | will spend some time discussion phasor diagrams
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give a feel for the phase.

Phase and Phase difference in simple harmonic motion : In general the solution of a simple
harmonic equation is

x(8) = Asmi @ + ¢

As mentioned earlier A is known as the amplitude and ‘@ as the phase. ?is a constant
depending on the initial conditions and we call it the phase constant. Let us now see how does

the motion look for different values of the phase constant ? The displacement versus time
plots for different signs of the phase constant are shown in figure 10.

g=0 g0

x(t) <0

Lisplacement versus time graphs for different values af phase constant.
Biackc: ¢=0; Rad: g=0 and blue is gezil.

Figure 10

For @ > 0 the motion at t = 0 begin at a value or phase angle that it would have slightly later in
the #="Y case. On the other hand, for @ < 0 the motion is such that a particular displacement
for the #= D case is reached at a later time. The motion lags behind the #=0motion. 1 leave it
for you to figure out yourself how the corresponding velocities are related.

Let us now at the special case of #=180% |1 this case I get

x(2) = Asin{ @ +180°) = —Asin @t

and for $=-180°
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x(2) = Asin{ @t —180°) = —Asin @¢

So you see that a phase difference of 180°, whether position or negative, means the same thing.
I would like you to plot the displacement versus time graph for these particular cases. For the
phases in between you should see for yourself how the displacements at t = 0 are different from

#=0¢ase.

A good way of visualizing the simple harmonic motion is the phasor or vector diagram. |
discuss that next.

Phasor or vector diagram: A nice geometric way of looking at various quantities in a simple
harmonic motion is the vector or a phasor diagram. You may have seen it in your 12" grade

while studying AC circuits. Let me show you how we represent %) = A0 @2 in 5 geometric
way. You see that displacement in this case is the x component of a vector making an angle wt
from the x-axis. Thus the displacement is represented as shown in figure 11. The motion

described by *@) =cos @ g s given by the projection of a vector of length A, rotating
counterclockwise at a rate w, on the x-axis.

FPrajection of a vector A Fofating counterciociwise af a rafe @ton
the x-axic gives x(f) = Acos @i

Figure 11

Let us now see how the velocity () and the acceleration will be represented in this scheme?
The velocity and acceleration are given as
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() = —@dsin @t = abﬂcos(mﬁ+g]
#(6) = —w Acos @ = @* Acos{ws + 1)

The displacement, velocity and acceleration are shown in the phasor diagram in figure 12. A
K

general feature that we observe from this phase diagram is that the velocity vector is always <
ahead (measuring counterclockwise) of the displacement vector and the acceleration vector is
at m (ahead or behind?) the displacement.

() <t

oot

()

Lisplacament, velocity and acceleration for a simple harmaonic
motion shown on a phasor diagram

Figure 12

So far we have discussed the simple case of ) =Aco8 @ \what about the general case of

x(t) = Alcos @ +48) Thjs is also equally simple. All we have to do is keep the initial position
of the vector at t = 0 at an angle @ from the x-axis and start rotating it from there. The velocity
i

vector and the acceleration vector are then going to be given at < and m from it, as discussed
above. This is shown in figure 13.
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#(1)

x(E)

LDisplacement x(f) = Alcos @& + &), and the corresponding velocity
and acceleration for a simple harmonic motion

Figure 13

Recall that in the middle of this lecture | had solved a spring-mass problem with different
initial conditions. | would like you to make the phasor diagram to represent the motion of the
mass in many different situations like those considered above. Do not solve for x(t) to start
with, just make the phasor diagram directly to see if you have got a feel for motion under
different conditions.

Finally in this lecture I look at the energy of a system performing simple harmonic motion. The
potential energy U(x) and the kinetic energies T are

U(xj:lkf 7= Lo
2 2

x(E= Acos{ @+ &)

The total energy E is of course a sum of the two. With this gives

"= %kﬂz cos {@t+ @+ %m&.‘rzﬂz sin * {ar + )

'
@t =
FH

Since , We get

E:lmﬂ
2

Thus the energy depends on the square of the amplitude. This makes sense because if | stretch
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1. 2
— kA4

a spring by A, the energy stored in it is £ . On releasing the mass it performs oscillations
of amplitude A. Thus you see that amplitude A immediately implies a total energy given

above.

I have now set up all the basic concepts of simple harmonic motion. In the coming lectures |
will introduce damping in the system and see how it evolves.

Harmonic oscillator 11: damped oscillator

In the previous lecture, | covered some basic aspects of simple harmonic oscillations. We
considered the equation

mrxtikx=10

and saw how its motion is described. A general solution of this equation is

xif) = Acos{a@ i+ @) with @ = \/E
e

I now make the system little more realistic and introduce damping into the system. Let us first
look at what happens if we introduce friction into the system. | consider again our prototype
spring-mass system and let there be a constant frictional force f on the mass. This force will
always oppose the motion so the system will eventually come to a stop. Let us see when does it
do that?

The simplest way of seeing when he system will stop is the through the consideration of
energy. But | would like to solve the problem by employing the equation of motion. I will later
solve it from energy considerations also. Here is one case where I will have to analyze motion
step by step because as the velocity direction changes, so does the force direction. So let us pull
the spring out to a distance A and let it move towards the equilibrium point (see figure 1).

I m —

“«—— g ——»

A spring-mass system with friction. Force applied by
the spring and frictional force are both shown.

Figure 1
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When the block is moving towards the left, equation governing its motion will be

mE=—kx+

In the above, the frictional force f sign is positive because the mass is moving in the negative x
direction and therefore the frictional force is in positive x direction. This equation can be recast
into the form

mf+m§x=i with mu=\/E
FH FH

We have encountered such kind of equation earlier. It has a homogeneous part
an inhomogeneous term on the right-hand side. So the general solution is

i+m§x=0and

x= xl'umugmn‘us + xir&wmngetw:ms
where

Fpomozmene = = C05 @0+ Do @8

S _f

N L
eRri) '

P

xiﬂmugﬂmus =

Thus

J

x(f)=Ceos @i+ D @£+ =
With the initial conditions %% = A and #(0)=0 e so)ytion is
A ﬂ—i cos m‘,£+£

k i
This is the solution when the block is moving to the left. Since

x= —[ﬂ—ijm‘, st &t,d
i

so the block will come to a stop when (@) = 7T At that time
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J J

xifi=—-A+—a@, cos @i+
k k

el

2f
So by the time the block comes to a stop it has lost % distance from its amplitude. And this
loss is irrespective of the distance from where the block starts its motion from. This should
then also happen when the block starts coming back. Let us find that out. On its way back (see
figure 2), the block follows the equation

mi=—kx—f

Notice that the sign of the friction force is now negative. This is because now the block is
traveling to the right and therefore the friction force acts towards the left (see figure 2).

A spring-mass sysiem with friction when the spring is compressed.
Force applied by the spring and frictional farce are both showa.

Figure 2

Now we have to solve this equation with the initial condition that

x{U)=—ﬂ+(%J and  #(0) =0

I leave it as an exercise for you to get the solution. It is
3

xH=— A- —f COS @ —i
i F'n

The corresponding velocity is proportional to wot, and therefore goes to zero again after a time

s [+
2 y=| a2
interval of b . At that time k) Thus every half time the block goes from one
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7 ¥
extreme to the other, it loses a distance of k , and in each cycle it loses a distance of x
. Question is how many cycles does the block complete before it comes to a stop. The block

J

stops when its final displacement is % . If it completes n cycles before that, we have

af f k(ﬂ_f]
k

A-n— =" = n=—
ko k 47
The same result can also be obtained, as | said earlier, by energy methods. If stretched by A the

1
k&
total energy of the system is £ . Let us say that before stopping, the block it compresses the
1, .2
—k
spring by A;. Then its energy will be & . The loss in the energy is caused by friction. Thus

%»"{:ﬂj —%j}:ﬂf: energy loss due to fiction

The total distance moved by the block is (A+A;) and so the energy lost against friction is
f(A+A;) . Thus the equation transforms to

Yiw - Lpat - prav a)
d 2
and gives

_anyo oS
(4 4‘11)—?

which is the same loss in amplitude over half a cycle as obtained earlier. The rest of the
analysis is the same as done earlier.

Having dealt with the constant friction case, we now consider the most common example of

damped oscillations. This is the oscillator where damping force is proportional to the velocity
i.e.,

In this case, the equation of motion is

mi=—kx—bx or mi+tbrit+ikz=10
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b

¥
Writing #z we get
F+pi+agz=10

This is the equation for a damped oscillator. The equation is homogeneous in X SO we assume a

x(E) = e

solution and substitute it in the equation to get.

A+yl+ai=0

which gives

—Y+xh —day _ _Fy }
2

So the general solutions are

2 2
¥ ¥ 2 ¥ ¥ p!
eEp| — =i+, ——gi| and exp|—if-,)—-—a'
Xp[ A ] Xp[ 2 m”]

4
P g
. = & . I . .
Except in the case when 4 (we will deal with it later) the behavior of the solution
P
. . a
depends on the relation magnitude of y and wo. Let us first consider the case when 4 .In

that case

2 2
¥ ¥ 2 ¥ ¥ 2
A=—s 4 - a) =-2 4 a=_Y_ ¥ _ar__
5 4 0 ] af 5 p & A

The general solution then is

xit) = —Cé'_jlf +£?'l=5'_;1"2f where A, > 4

This is known as a heavily damped oscillator. The coefficients C and D depend on the initial
conditions. For example if | stretch the spring to a distance A and release the block, let us see
what happen in this case. By initial conditions
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x(0y=A=C+D

ﬂm:o:—%c<%ﬂzowﬂz—%ﬂ

This leads to
“Ar_ !
x(e) = 4| 528 e
Az - *’11
A -.f
xl:f:l = —ﬂgg 1
A t — oo this solution behaves like A= . The general solution is displayed in
figure 3.
x(t)
E-?th

t

Lisplacement va. fime for a heavily damped ascillatar

Figure 3

It is clear from the figure that there are no oscillations in this case the block slowly comes to
rest at x = 0, i.e. the equilibrium point. I now explore another situation. Suppose we give an
implies (speed v ) at t = 0 then the boundary conditions are

C+D=0 and —-AC-A4D=v

Thus the solution would be

x(f) = I i I [E"il f _E—izrj

In this case the distance versus time graph looks as shown in figure 4.
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Lisplacement ve. fime for a heavily damped asciliator when the
binck iz given an impulse at the equilibrives paint.

Figure 4

The figure clearly shows that the block goes out to a maximum distance and then comes back
and stops at the equilibrium point. So in both the cases studied above the mass does not cross
the equilibrium point. Next | ask: what if we stretch the mass out to a distance A and give it an
initial impulse from that point (in negative direction). Then the initial conditions will b

C+D=A and -AC-AD=-v

Solution in this case comes out to be

0373 [ "“’_&f}ﬁ[ﬂ“‘ﬂ ~ae )

The solution is plotted schematically in figure 5.
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=t

Lisplacement va., fime for a heavily damped asciliator when the
blnck is given an impulse afier stretcking the spring .

Figure 5

It is clear that in this case the particle moves towards the equilibrium point, crosses it, goes a
distance and comes back. However on its way back it slowly comes to rest at the equilibrium
point and does not cross it. So in heavy damping cases, the block passes the equilibrium point
at most once and its distance decays exponentially as « /.

To summarize, | have covered three cases for the heavy damping situation and got

X)) = — e M g N

(1) Spring stretched and block released —A

x(g) =
(if) The block given an initial positive velocity at equilibrium ~

(-
(iii) Spring stretched out and the block given a velocity in the negative direction

e G e R

I would now like to tell you about the case when A=4  This is known as the critically

}’2 P!

damped case. Obviously this situation arises when 4 . | can easily find solutions for
such case if | take the limit 4 = % in the cases of heavy damping just studied. Please note

that 1 cannot straightaway take A= 4in the expressions above because | am dividing by
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(4, - M. Taking the limit gives for the three cases studied above

(i) x(e) = Ao 1 {1+ Ae)
I L

(”) x(f,) = e

(lll) x(ﬁ) = {ﬂ—vﬁ]é‘_zlf

As remarked above, the cases we have just discussed correspond to critical damping. In this
2

:}J _ ] _ /a _ })
e A=dy=-2 . . . :
situation 4 and 2, Mathematically, in this case there is only one
~Lt
solution (% 2 ) that we get from the equation for A because of its double root. The other
-Lt

solution is found to be 2 * . That is precisely what we have found by taking appropriate
limit.

Critically damped system and used when we want a system to return to its equilibrium position
after receiving an impulse, although one is tempted to say that use a heavily damped system for
this purpose. I would like you to understand this by carrying out the following exercise.

Exercise : The block on a damped spring-mass system is given an initial velocity v from
equilibrium. Given a damping coefficient y, plot the distance versus time graph for the
critically and heavily damped cases. For ease of calculation take the heavy damping to be very
)
LA, @ _ o
large so that and make appropriate approximations.

Having discussed the heavily and critically damped systems, we move on to lightly damped
2
LA @}
system. In such systems 4 so that

¥ ¥ Y .
LR Pl R
2
ﬂgzg+ %—mﬁ :gﬂ'ml

So the general solution is
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-t a, f —iaf
x(fl=g 2 (ﬂeml + Bz ml)

Or equivalently

.
x(f1=e 2 {Crosayt +Dsin @)

y—z < @
In case when 4 , it is called very light damping and in such case Gy

Let us now take a particular can when the block is stretched to distance A and is released from
rest. | leave the details of the solution to be worked out by you. Here | give the final answer
which is

Aa, -t
mﬂe 2 cosflamt— @) where tan.;ii':zi
4

x5 =

&

This solution is plotted schematically in figure 6. Notice how the maximum distance reached
by the block decreases with time.

* /\/\n t
TRV

Lisplacement versus fime in a damped asciliaior

Figure 6

When we consider light damping, generally we are dealing with cases where we want the
decay to be small. Thus within the time that the motion decays, there are many-many
oscillations. Thus we can then write the displacement as
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x(t) = g % cos{lmi— @)
1
_¥s
= de % cosays
2
L = mug- . i and @ 0 . .
because 4 implies that ™! % . The equation above is interpreted as the
_¥
oscillation taking place with frequency w 0 with time-dependent amplitude de T
1 1
—_ T —

Mathematically what this means is that ¥ ®0  so there are two time scales in the problem.

Let me now talk about the energy of the system. Since the amplitude is decreasing with time,
the system is obviously losing energy. | want to calculate the rate of energy loss in the system.
1

First, there and many oscillations over the time interval of * , which is also a very large time
span. Further, the decay of the amplitude is very small over a few periods. This allows us to
talk in terms of the average energy of the system. What it means is the energy averaged over a
few cycles around a given instant. | now calculate it.

Eif) = Lo 1 L2
2 2

x(f)=Ae ¢ cos i

Now use £ to calculate this energy. It gives

2
B = %m %Hz cos? [mu£]+ -:?JE?HE sin [%£]+ ymuﬂ:‘ git1 I[c‘fl,:,f,]n::c::s{::.?l,:,.f]:|.;=,'_’v:r

+ %ﬂ:ﬂg cos® [, ]e_’u:

Now taking an average over a few cycles under the approximation that the exponentially
decaying term be treated as roughly a constant over these cycles and neglecting the term
proportional to yz , | get

()= %mﬁe‘”

where angular brackets denote the average energy. So the average energy decays exponentially
for a lightly damped oscillator.

I now define the quality factor or Q for an oscillator. As mentioned earlier, we are interested in
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systems wher it is in such cases only that talking about Q makes sense. Q is defined

as
EJ ¥
= B i J,M ;
dissipated Fadian
_ %
¥

High Q value for an oscillator means that there is very low leakage compared to the store
energy.

Finally I summarize the lecture by telling you that we have covered the cases of heavy, critical
and light damping in this lecture. You must have noticed that | have made a lot of graphs in
this and the previous lecture. Please do that when you solve a problem. It will give you a feel
for the system

Harmonic oscillator 111: Forced oscillations

In the previous two lectures, you have learnt about free harmonic oscillator and damped
harmonic oscillator. In this lecture we study what happens when a harmonic oscillator is
subjected to a force. The simplest case is when an oscillator is subjected to a constant force F .
In that case nothing much takes place except that the equilibrium point gets shifted by (F/k).
You see an example of it when a mass is attached to a vertical spring. Mathematically we write

i+ kr=F
or mx+kxr—F=10

This can be written as

x4+ ﬁ'c[x—i] =10
'

for an undamped oscillator and

F
mx+ }@E+ﬂ:[}:— —] =1

s
for a damped oscillator. Define a new variable k
only the undamped oscillator equation)

so that the equation reads (I write

i +hy =0
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This is the equation you are well familiar with. From its solution, that for x is written as

x=Ccosayt + Dsin -:‘rrnﬁ+i%

. X=7 . . :
So the mass oscillates about 4 I now take up an oscillator subjected to a time-
dependent force.

A general time-dependent force F(t) can always be decomposed into its Fourier components
F(ey = F, cos(nat)
like "

Fle)=Freos@  \yhere and F is the amplitude of the force. Let me start by first
studying the motion of an undamped oscillator under such a force.

so generally we study an oscillator subjected to a force of the form.
@ = @,

The equation of motion for an undamped oscillator under a time-periodic force is
mE+ikx= Froos(a)

or equivalently

.. F

x+ m,:,jx = — cosl g
iy

The general solution is a combination of homogeneous part of the equation and a particular
solution Xp. Thus

x(t) = cos@yt + Lsm @yt + 1y

Here you can check that

Flm
Xy =————CosdE

r 2 2
(@, —a)

Let me start the oscillator from rest at equilibrium. It starts moving because of the applied

force. The initial conditions then are x(U) =0and 2(0) = U. Under these conditions the solution

comes out to be

%8 =m 5

(Cos @ — cos ayi)
(a5 — @™

So the general solution is a combination of motion of two frequencies. The resulting motion
can be represented on a phasor diagram by adding the two motions vectorially. This shown at t
= 0 and two other different times in figure 1.
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Mation af an undamped asciliatar shown at (=0 (Black) and two ather differant
times, shown by brown and blue. The net displacement is shown by thick arrows,

Figure 1

As is clear from the figure, at t = 0, the net displacement is zero. As the time progresses, the
displacement changes with the length of the rotating vector also changing with time. As an

illustrative example, | take the frequency o =7(% =2)

@ =2 and m:4_;;;r

3 for the force. The resulting solutions are shown in figure 2.

, and two different frequencies,
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Forced oscillations of an undamped oscillator of frequency @) = 2.

&y = ;?T(T = 2m)

Salutions are showsn far bwa different frequencies of the applied force.
Figure 2

So you see from the figure above that the maximum displacement of oscillations keeps
changing. This is what | had inferred from the phasor diagram also. The motion is still periodic
and reminds us of the phenomena of beats.

o=

Interesting is the case when %= However, | cannot put it directly in the formula become

7 .3
we are dividing by P2” = @) 5o we have to take the limit © — @0 Let me substitute in the

formula ¥ = (@, - 4) or = (e, H}‘]and take & =0 This leads to

x(E) =

S B 2
2y,

Thus the displacement keeps on increasing with time oscillating with the frequency of the
oscillator. This is the phenomena of resonance. The corresponding plot of displacement is
shown in figure 3.
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Forced oscillations of an undamped at resonance

Figure 3

Having discussed forced oscillations for undamped oscillator, we now move on to study a
damped oscillator moving under the influence of a periodic force. The equation of motion then

IS

mE+bx+kr= Foos{a)

. F
A+t ayx = —cos(ay)
b

As earlier, the general solution of this equation is going to the sum of the homogenous and
inhomogeneous part. So
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_2
—n 2 ;
xity=¢ * [Crosani+ Dsin -:‘rrlz]+xpmﬁmjm

-L¢
. 2 . : .
As the time progresses ¢ ~ will make the homogeneous solution die down so finally the only
solution remaining will be

x5 = x},mﬂm(ﬂ

This is known as the steady state solution. Obviously it does not depend on the initial
conditions. Let us now find this solution.

For the equation of motion

S s F
Ity+a@, x=—cos{aE)
]

| assume a steady state solution of the form <1to3 @& Byt when substituted in the equation,

this will give rise to a term containing sin @ pecause of *Zin the equation. So a general
solution should be of the form.

x5 = Acos @ +Bain )

When substituted in the equation, this leads to

cos axl(@,” — @*) A +ym3]+sm m:[(mﬁ — 1B - yand |= 7 o at

PR
1)
(@ - a™ ) B-yad=0 and (mf—mﬂ)ﬁﬂmﬂ:i
feyd
These equations give
@, - "5/ yol/
= 2 7.2 7 ad B= 3 7.2 72
(@ —a& ) +ty'a@ (@ —a@ ) +ya

So the general solution is
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x(&) = Cos & +
(mﬂj — o+ piet (maz — o+ yiat
E/ 2 2
_ FH (ma _mj :Vm -
h T 2.2, 2.2 T 2.2 22COS&E+ T 2.2 zzsmm
(@ —a@" )" +y e (e -a) +y'a (@ -—a’ ) +y'e
F
= 4}2 cos{ @ — &)
Z 142, 2.3
J(mﬂ —a ) +yta
where
sin = re cos = (m"j — o)
J(maz _mz)z +}’2m3 J(mﬂz_mz)z +y2m2
i
and tan = ————
(@, - a®)

Thus after reaching steady state, the displacement lags behind the applied force by an angle ¢
ye

tan = ————

(@, - a)

]

e

'\"(mﬂj - mﬂ}ﬂ +})2m2

with and oscillates with an amplitude

A=

The oscillation frequency of steady-state solutions is obviously equal to the frequency of the
applied force. A typical displacement and its shift with respect to the applied force are shown
in figure 4.
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Applied force (black) and steady-state displacement (red) of an
oecillatar. Displacemeant lags behind the applied force by an angle ¢

Figure 4

As far as getting the steady state solution for a forced damped oscillator is concerned, we are
done. What we need to do now is to analyze the solution in different situations.

First of all we notice that irrespective of whether the system is lightly damped or heavily
damped, it will always oscillate under an applied time-periodic force. Let us first consider the
case of light damping and see how the amplitude varies with the applied frequency. The
amplitude as a function of ® is given as

F
Ala) = 4’3

J(mﬂﬂ _mzjz +}’2m2

F _F
. . ma l  k o . :
This amplitude goes to o as @0 This is nothing but the stretch of the spring
o
A —
under a constant force. For very large frequencies Mm@ In between the amplitude has a

maximum at @ @ as is easily seen. So in this case, the amplitude as a function of frequency
looks as shown in figure 5 for two different values of y .
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Amplitude as a function of frequency of applied force for twa
different values af ywith vi<ys

Figure 5

It is clear from the figure that the amplitude is maximum around # = # which reminds us of
the phenomenon of resonance for undamped oscillator. For large y values the peak shifts to the

left (lower frequency).

For heavy damping (v > 2% we do not see any amplitude maximum near © = @ but the
system has large amplitude for low frequencies. A schematic plot of amplitude as a function of
frequency looks like figure 6. It is evident that only for low frequencies the system oscillates

with reasonable amplitude.
F
k

Ale)

il

Amplitude as a function of frequency of applied force
Jar a heavily damped oscillator,

Figure 6
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What about the phase of the system with respect to the applied force? I leave this as an exercise
for you to plot the phase of displacement as a function of frequency.

Next I discuss how much power is absorbed by the system to maintain its oscillations.

Power absorption in a forced damped oscillator : Since a damped system has a retardation
force opposing its motion, it dissipates energy. For it to maintain a steady-state the applied
force constantly supplies energy to it. It is this power that | now calculate. Power given to the

system is v = Fx since | am considering a one dimensional system. Otherwise | would have
taken the dot product between the force and the velocity. The calculation proceeds as follows

F=Fr:
I
i
@, - +yia?
o

m\f(mf—mj)2+}/jm2

=—F rosat = @ sinl @ — &)

[cosmﬁsm @ cos d— cose Q¥ sin .;zﬁ]

2 . 2 .
Since the average of ©°5~ & °f 5™ & qouer 4 cycle is % and that of £03&5in & zero, the average
the last expression with respect to time over one cycle gives

Fia

P=
Em-J(mf - m:‘)j +}’2m2

st

This is the average power being supplied to the system to maintain its steady-state. The same
can also be obtained by realizing that in steady-state the power given to the system is the same

—bv=—¥

as power dissipated by it. Power dissipated is the drag force Farog = mv)times the

velocity. This is therefore calculated as follows:

Taking its time average over a cycle then gives the average dissipated power

— Fyg?
owl@” — @) + 1 e’ ]

[

F=
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which is the same result as obtained above. The negative sign shows that this is the energy lost,
and produced heat due to the friction in the system. Since the amplitude of the motion is largest
when the force has a frequency close to the natural frequency of a system, it is expected that
the power loss will also be maximum near that frequency. | have plotted the power dissipated
in a forced damped harmonic oscillator in figure 7.

Plw)

0

FPower dissipation in a forced damped oscillator az a
Junction of frequency of the applied force.

Figure 7

The curve peaks at wg so the power absorption is indeed maximum at the resonance frequency.

Finally | relate the Q factor of a damped oscillator with the power versus frequency curve
given above. To do this let us see at what frequency does the power absorption is ¥z of its peak
value. The calculation, in which we make the frequency-dependent factor in the expression for
power dimensionless and equate it to %2, is given below

¥ o 1

(&} -a*) +re?] 2

2:})2&32 =(mﬂ3 _mﬂjﬂ +:})2m2

or @ — @' =tyw
Solving this equation for the frequency w under the approximation of light-damping gives

¥

c‘z:r:a:r+E ard c‘z:r:.sz:rn—E
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The frequency width from T2 2 is known as full width at half maximum
(FWHM) and its value is y. Thus the quality factor can also be interpreted as

0= at, FEsaRAnNCE frequency

¥ - Jull width half maximiom

This pretty much sums up what | want to tell you about forced oscillations. | want to point out
that we have focused here strictly on the steady-state solutions for the damped oscillator.
However, before steady-state is reached, the system goes through transient motion, which is
also important to understand in designing of systems.

This lecture brings us to the close of our discussion on harmonic oscillators.
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